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Abstract

The behavior of the spectra of symmetric block-type random matrices with symmetric
blocks of high dimensionality is considered in this paper. Under minimal conditions
regarding the distributions of matrix block elements (Lindeberg conditions), the universality
of the limiting empirical distribution function of block-type random matrices is shown.
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1. Introduction

In the theory of high-dimensional random matrices, one of the main objects to study
is the empirical spectral distribution function of high-dimensional random matrices and
its approximation. The most studied matrices are ensembles of symmetric real or Hermite
matrices with independent elements (semicircular law) and sample covariance matrices
(Marchenko-Pastur distribution law). We consider ensembles of random matrices of a
rather wide class—matrices with a block structure. The study of the spectra of the block-
type random matrices began at the end of the last century and the beginning of the 2000s.
One of the first works in this field was Girko’s paper [1]. He considered matrices of
increasing dimensions with block elements of fixed dimensions and proved various laws
for the limiting spectral distribution of such matrices. In the first decade of the 21st century,
a number of papers appeared focused on the study of the spectra of block matrices with
blocks of increasing dimensions. See, for example, the works [2-6]. The study of such
matrix models is gaining particular popularity in connection with various applications in
machine learning and neural networks. See, for instance, [7,8].

One such example is communication channels with multiple transmitting and receiv-
ing antennas, the so-called MIMO (Multi-Input, Multi-Output) channels. The channel
matrix has the form

AL Ay ... AL O O ... O
O AL Ay ... AL O ... O

A=| O O A, A, Ar o,
O 0O -+ -+ 0 A A

where A1, Ay, ..., A] are matrices of sizen x nand A, = (h;’])f =1/ where hgjv) reflects the
channel’s effect on the signal transmitted from antenna j of the transmitter and received at

antenna 7 of the receiver.
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In what follows, we denote matrices and vectors in bold. To calculate the capacity of a
channel, one needs to know the distribution of the eigenvalues of the matrix, as follows:

O A

H =
A* O

7

where O denotes a matrix with zero entries and A* denotes the complex conjugate of A.
For details, see, e.g., [4]. Some more examples of block matrix applications can be found in
spectral graph theory. Adjacency matrices and Laplace matrices of random multipartite
graphs are examples of block-type random matrices; see [9-11]. Block random matrix mod-
els are applicable to the study of products of random matrices due to so-called linearization.
The simplest example is sample covariance matrices, where instead of matrices of the
form XX*, matrices of the form H = )2 z_() are studied; see [12] and the references
therein for more details. The asymptotics of the spectra of the products of random matrices
are studied, for example, when analyzing the asymptotics of the information capacity
of communication channels; see e.g., [13,14]. Block matrices play a fundamental role in
neural networks, particularly in large-scale deep learning, optimization, and structured
architectures. Their applications span distributed training, sparse computation, attention
mechanisms, and optimization theory, making them essential for modern machine learning
systems. Recent work, such as that by Xiao-Kai An et al. [15], has explored nonconvex
optimization techniques for analyzing spectral distributions in random matrices, which
have implications for neural network training dynamics.

The development of methods for studying the spectra of random classical matrix
ensembles (Wigner random matrices, sampled covariance matrices) in recent years has led
to an increased interest in studying the spectra of random matrices with block structures.
See, for example, [6,16-26] and references therein.

1.1. List of Notations

We denote matrices by capital letters in bold, (column) vectors by lowercase letters in
bold, and matrix elements by the same letters as matrices (as a rule) but in regular font.

The symbol I denotes the unit matrix; when it is necessary to specify the dimensions,
we provide a lower index; e.g., I,,_1 means a unit matrix of dimensions n — 1.

With Rp, we denote the resolvent matrix for matrix A, i.e.,, Ry = (A — zI).

Withej, j =1,...,k we denote the standard base vectors in RF (j-th component equals
one, all the others are zeros)

With E(7), we denote the matrix defined as E(//) = eie]T, i.e., all the elements of E(/)
=1
For any vector a and any matrix A, we denote the transposed vector a and the

are zeros, except for E

transposed matrix A by a’ and AT, respectively. For a complex matrix A, we denote
the Hermitian conjugate of A by A*,ie., A* = (A)T.
We denote the indicator function by I{-} .

1.2. Model Representation

Consider the following model of block random matrices. Let x (i ), i, j=1,...,k bea
family of n X n random matrices. We will assume that for any fixed pair of indices (i, j),
i,j=1,...,k, the elements of matrix X(?/) are independent (with respect to symmetry) and
have a mean of zero and finite variance, i.e.,

EX\/) = 0and E(X\))? = (01i))? < co. (1)
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We will also assume that the matrices X (/) either coincide at (i, j) # (i1, j;) or are indepen-
dent.
Let the symbol ® denote the Kronecker product. Consider a matrix of the form

koo o
Wy = Z E(1) @ x() )
ij=1

We find it more convenient to change the representation of (2). Since we have assumed
that some of the matrices X (/) may coincide, we define the so-called “generating matrices”
Z(l), eeey Z(m) (with m < k?), which are random and independent, such that for any pair
of indices (i,f): i,j = 1,...,k, there exists some I = I(i,) : 1 <1 < m with x(i) = z(0).
Suppose, forl =1,...,m,

A ={G,))ij=1,... k:xt) =zOy, 3)

Then the matrix W can be rewritten as

m s
w=Y ( y E(w)) 2z0,
=1 " (ij)eA

1.3. Toeplitz and Hankel Random Matrices

The Toeplitz and Hankel random matrices occupy a special place in the study of
structured matrices. In [3], the existence of a limiting spectral distribution for random
heats and Hankel random matrices was proven. In particular, it was proven that the
limiting distribution of the Toeplitz and Hankel matrices has infinite support and differs
from the normal distribution (the variance is 1, but the fourth moment is 8/3). Oraby
in [5] showed that for circulant block-type Toeplitz matrices with random blocks of high
dimensionality, the limiting spectral distribution is a mixture of semicircular laws with
variances depending on the dimensionality of the original Toplitz matrix. In [27], Oraby’s
result was obtained under weaker conditions for the distribution of block elements. In [28],
it was shown that for a palindromic Toeplitz matrix with Wigner blocks, the limiting
spectral distribution is normal. In [18,29], symmetric block Toeplitz and Hankel matrices
were considered. Let the generating matrices be ZW ... Z(®) Define the multiplicity sets
as A = {(i,j) : |i—j| =1+1}, forl =1,...,k. The symmetric Toeplitz matrix has the

form
[z, z@ ... zkD) o z(k) ]
z@ 7z .. zk=2) Z(k-1)
w=Yz0g ( Z E(lj)) - . ()
= e,
z®  zk=1) o 7z(2) z@

Hankel block matrices and circulant block matrices can be represented in a similar way.
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1.3.1. Hankel Matrices

In a Hankel matrix, the number of distinct blocks is m = 2k — 1, and there are
equal blocks on all diagonals perpendicular to the main diagonal, A; = {(i,j) : i+ =
1+1}, I1=1,...,2%k—1:

rz(1) 7(2) Z3) zk=1) 7)) 7
7/(2) 73) Z4) . Z.(k) 7 (k+1)
®3) (4)
Wy = V4 y4
z(k=1)  Z(k) . . 7(2k=3)  7(2k-2)
| Z(k) Zk+1) L ... Z(2k-2)  Zz(2k-1) ]

1.3.2. Circulant Matrices

In a symmetric circulant matrix, the number of distinct blocks is

s+1, ifk=2s,
m =
s, ifk =2s—1.

This is a special case of Toeplitz matrices with equal blocks on the diagonals, A; = {(i,) :
li—jl=1-1Vk—1+1}, 1=1,...,m

71 7(2) z() VAC Y 4¥)]
72 z(@1) Z(-1) yACI 4€))
Wx = : : : : :
z® z@& .. gzm-1) . z(1) 7(2)
z@ zG .. zm 7@ Z(1)

The spectral analysis of random block matrices like Toeplitz or Hankel matrices helps to
understand convergence for deep learning optimization; see, e.g., Xia et al. [8].

2. Main Result
Let VI, Vv, v
are independent. Using the index sets introduced above (3), we define the following

(m) be Hermitian random matrices of size n x n whose elements

matrices:
Y7 = v for (i,j)e A, 1=0,...,m,

y = i EW) gyl = i Y B0 v,

ij=1 1=0 (i,j)€A,

Assume that the random variables Y,Sf;') withany fixedi,j =1 < ...k, i < j, are independent

forp,g=1,.
;q), that is,

.,n,p < g,and have the same first two moments as the random variables

EY) =0, and E(Y}))? = (o1))2. (5)

Denote the eigenvalues of matrix —ka as A, ..., Ay and the eigenvalues of rWY as

Wi, -+, Unk- We define the empirical spectral distribution functions

an k ZH{)L < X}
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and

1 nk
Fov(x) = = Y Ty < 2},
j=1

where I{-} stands for the event indicator.

The empirical spectral distributions represent one of the main subjects of investigation
in random matrix theory. We are interested in conditions regarding the distributions of
ng ) (Xr(;j )) that would guarantee that the distributions F,x (x) and F,y (x) become infinitely
close in the limit of large 1. We prove this closeness under Lindeberg’s condition (see (7)).
Lindeberg’s condition shows that the contribution to the variance of the sum of 7% random
variables and the values of individual random variables exceeding the /7 level is negligibly
small compared to n?.

This condition is the optimal moment condition in many limit theorems, both for sums
of independent random variables (the central limit theorem for instance) and in random
matrix theory (Wigner’s semicircular law, as shown in [30], and the Marchenko-Pastur law
for the empirical spectral distribution of sample covariance matrices; see [31]).

In what follows, for (i, j) € A;, we shall write

o =l

Theorem 1. We assume that there exists a constant Cy such that foralln > 1,

i L L () <G ©®)

Suppose that for all i,j = 1,...,k for random matrices X)) and Y1), Lindeberg’s condition is
satisfied, i.e., for any T > 0,

n(T) max{n2 Y E(X) X > tv/nd,

r,s=1

1 n i\ 2 .
= 211@(14;”) {4 > tvn},} — 0. @)
r,5=
Then
Fux(x) — Fyy(x) — 0 in probability.

Remark 1. Note that if for some § > 0, there exists a constant pp1 5 > 0 such that

sup 1max{E|Y,§;’])|2+‘5,E|X,(fq'])|2+5} < lors ®)
ij,p.a=

then Lindeberg’s condition is satisfied. This follows from the Markov inequality. To find the limit
distribution of F,x(x), we can compute it for F,y(x), where YF(,;]) are Gaussian, for instance.

Remark 2. Figures 1-4 show histograms of the distribution of the eigenvalues of the Hankel
(Figure 1) and Teuplitz (Fiqure 2) matrices with different distributions of block elements. We
consider distributions with polynomially decreasing tails (stepped tails with decreasing order |x| ¥,
where k = 100 b in Figures 1A and 2A and k = 7/2 in Figures 1B and 2B, respectively. Figures
3 and 4 show the histograms of the Teuplitz (Figure 3) and Hankel (Figure 4) matrices with block
elements distributed according to Student’s law with five degrees of freedom (Figures 3A and 4A)
and with block elements distributed according to the normal law.
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(B) Polynomial3

(A) Polynomial100

Figure 1. The histograms of 5 x 5 Hankel matrices with block entries distributed according to the

(A) and p(x) =

C

ICEEE

polynomial densities p(x)

(B) Polynomial3

(A) Polynomial100

(A)and p(x) =

C

(4[]

Figure 2. The histograms of 5 x 5 Toeplitz matrices with block entries distributed according to the

polynomial densities p(x) =

(B) Normal

5
Figure 3. The histograms of 5 x 5 Toplitz matrices with block entries distributed according to

Student’s distribution with df = 5 degrees of freedom (A) and a standard normal distribution (B).

(A) Student df

(B) Normal

=5

(A) Student df
Figure 4. The histograms of 5 x 5 Hankel matrices with block entries distributed according to

Student’s distribution with df = 5 degrees of freedom (A) and a standard normal distribution (B).

limy, 00 Fyx (x) for

It was proven in [5] that there exists a limiting distribution G(x)

the i.i.d. matrix elements Z(), for/ = 1,...,m, and E|Z](,£) |4 < 0. Since we can choose

matrices with identically distributed Gaussian elements as a sequence of matrices Y(), we

immediately obtain the following result as a consequence of the Theorem 1.

., k, Lindeberg’s condition for

= ¢2. Suppose that for all i,j = 1,..

random variables X,E,Z) and YF(,Z) is satisfied, i.e., for any T > 0,

Theorem 2. Let ((T,f,iq’j ))2
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Then there exists a distribution function, G(x), depending only on the structure of the block matrix,
such that

lim F,x(x) = G(x). )

n—o0

The proof follows obviously from Theorem 1 above and Theorem 1 in [5].

Rectangular Blocks

Consider a block random matrix model with rectangular blocks. In this case, matrices
X () satisfy the relation X(4) = (XU))* (where, for any matrix A, its Hermite conjugate A
is denoted by A*). The dimensions of the matrix X(/) are n; x n j» respectively. Consider the
class of generating matrices Hy, ..., Hy, Zy,Z5,...,Zy,Z},Z3, . . ., Z;,, where the diagonal
blocks Hy, ..., Hy are Hermitian matrices. The sets .A; and .A;‘ are defined by the equations

A ={G)ij=1,.. k: X =g,
A ={(G,))i,j=1,...,k: X0 =77},
Clearly, (i,j) € A; if and only if (j, i) € A;. We then have the following representation:

Z( Z eie]~T®Z(l)+ Z eie]~T®Z(l)*). (10)

k
Wx =) ee] ®H; +
i=1 I=1 " (i,j)eA (ij)eA;

Since we consider the case where the matrix W is Hermitian, i.e., Wx = W§, we have a
number of restrictions on the matrix block dimensions. For example, the matrix

I_I1 X(12) X(13)
Wy =| x(12° gy, x@) (11)
X137 x@)* gy,

can be represented as

Wy = (ele{ ®Hp + 8265 ®@ Hy + e3e3T & H3) + (elezT) &® X(u)
+ (e2e]) @ X2 + (ere]) @ X2 + (eze]) @ X13" 4 (erel) @ X(®3)
+

(e3e]) @ X(B)", (12)

Matrices H(*) are independent Hermitian matrices of order N; X N;. Assume that the

elements of H() = (h;(f;; )2{;:1 are independent (except for H() being Hermitian) and
ERS) = 0,E[h)12 = [ol0)? < . (13)

For matrices Z(l), Z(z), s, Z(’”), we also assume that the elements are independent and

E[Z"],5 = 0,E[[ZD] )% = [014]? < oo, (14)
We denote
n=N;+Ny+...4+ N (15)

Figures 5 and 6 show the histograms of random matrices in block form with rect-
angular blocks with different distributions of block elements. The figures illustrate the
independence of the limiting spectral distribution of block random matrices with rectan-
gular blocks from the block element distributions. In these notations, the matrix Wy has
dimension n x n.
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Figure 5. The histogram of 3 x 3 matrices with rectangular blocks Ny = 5000, N, = 3333, N3 = 1666.
Student distribution with df = 3 degrees of freedom with different variances for different blocks.

M . il il fmmﬂjnmmm :
(A) Student df=5 (B) Normal

Figure 6. The histograms of 3 x 3 matrices with rectangular blocks: Ny = 5000, N, = 3333, and
N3 = 1666. Student’s distribution with df = 5 degrees of freedom (A) and normal distribution (B)
with different variances for different blocks.

Now, let D(l), ey, DO and Y(l), R Y(") be random matrices whose dimensions
coincide with those of H(l), ey, H® and Z(l), Z(z), ey Z(m) and whose elements are inde-
pendent and have moments of the first two orders, coinciding with those of the elements of
the above-mentioned matrices. Denote the matrix obtained from Wy by replacing blocks
H1,...,Hk,Z(l),Z(Z),...,Z(’”) with blocks D(l),...,D(l),Y(l),...,Y(m), respectively, by
Wy. We denote the eigenvalues of Wx by A1, A> ... Ay in decreasing order. We then have
the empirical spectral distribution function

F(¥) = L3100 <,
j=1

We denote the eigenvalues of matrix Wy by yq > pp > - -+ > py, and again, we have the
empirical spectral distribution function

F(x) = 2 Y 1y < s,

] 1

Theorem 3. Assume that there exists a constant Cy such that for alln > 1,

I M§

N; N
2 Z Z Upé]) T2 Z Z ‘TW < Go. (16)
e p=14=1

=1pg=1
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Suppose that for all i,j = 1,. ..,k Lindeberg’s condition is satisfied, i.e., for any T > 0,

nzz Y3 () HXAR > i)

(1] eA;r=1s=1

+—22 2 E[h 2H{|h,,q\>rf}—>o

=1pg=1

Then
Fux(x) — Fyy(x) —=20 in probability.

Remark 3. Figures 5 and 6 show the histograms of random matrices in block form with rectangular
blocks with different distributions of block elements. The figures illustrate the independence of
the limiting spectral distribution of block random matrices with rectangular blocks from the block
element distributions.

For many block-type random matrices (both with square blocks and rectangular
blocks), we know the limiting empirical spectral distributions in the case when the block
elements are Gaussian values and the variances [O'F(,;j) ]2 satisfy certain conditions (e.g., they
are all equal). Theorems 1 and 3 show that the same limit distributions will hold for blocks
with arbitrary element distributions, as long as Lindeberg’s conditions are satisfied. We can
consider several examples.

We first consider two simple ones, the Hermitian matrix X = ﬁ(XPq)Z’qzl and a

rectangular matrix X of dimensions 1 x m, whose elements are independent. Consider the
following block matrices:

O X O O X O
W=| X 0 X|, W=| X* 0o X|, (17)
O X O O X* O

It is well known that if the random variables X;; are standard Gaussian and identically
distributed, then the empirical spectral distribution function of matrix X is a standard
semicircular law, i.e., the distribution density is

- %\/4 ~21{jx| < 2).

It is easy to see that
det{(Wx — zI} = 2" det(2X? — 2°T). (18)

It follows that the limiting empirical spectral distribution is a mixture of a 1 atom at zero
and a distribution with density

. ﬁﬂﬂﬂxl <2v2}

and mass %, so that the density of the distribution can be written as

) = 500(x) + 31 (2)

where dy(x) is the Dirac delta function. From Theorem 1, if for random variables Xy,
p,q = 1,...,n, we have E[X,;|> = 1 and Lindeberg’s condition is satisfied, then the
empirical spectral distribution function of Wy has a density p(x). (Matrices of this type
have also been considered in [12].) In a similar way, we can consider the case of a rectangular
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block. Assume that lim;, ;. &= =y € (0,1). Applying the formula for the determinant of a

m
block matrix, we obtain

det{W — zI} = (—z)" det{2X*X — 221} ! (19)

From here, one easily sees that the eigenvalues of Wy are zero and of multiplicity 2m —n
and +s i j=1,...,n,wheres j are singular numbers of X. For example, in the case where
Xij is Gaussian with variance, the relation

n
lim zi S (Ifs; < 1} +I{—s; < x}) = Gy(x),atn — oo, (20)
=1

where G, (x) is the function of the symmetrized Marchenko-Pastur distribution with the
parameter y, i.e., a distribution with density

1
 2myx

gy(x) V(32— a2) (82 — 2T{a < |x| < b},

wherea = (1—,/7)% b = (14 /¥)? From Theorem 3, we obtain the following: ifE[}/Zij]z =
1 and Lindeberg’s condition is satisfied, then the limiting distribution of the spectral
distribution function of the matrix W will have the form

~ 2— 2y 1
Px) = 3y 000) + 5 =8y (x/ V)

Results similar to Theorem 3 were obtained in [32]. In contrast to our paper, in [32],
the proof was carried out using the method of moments, and instead of condition (16), the
condition

sup (0p4")” < Co (21)
jhpa
was considered.

Furthermore, in [32], it was assumed that all blocks X g, j=1,...,k were indepen-
dent, which rules out the case of coincident blocks, such as in the case of Hankel or Toplitz
(i)

q

matrices. Finally, in [32], it was assumed that 0, = 0y, i.e., the variance within blocks is

X
the same. One cannot, for example, apply the results of [32] to the matrix W =

7

X
where X is a Wigner matrix (Hermitian matrices with independent elements (to Hermitian
accuracy) with equal variance) whose limiting spectral distribution is a semicircular law (cf.
Corollary 2 in [32]).

Based on Theorems 1 and 3 and the results of Theorems 2 and 4 in [12], we can
formulate some theorems on the convergence of the empirical spectral distribution functions
of block-type random matrices. For this purpose, we need one more notation. We denote
the covariance of the random elements of the matrices X/ and X(P?) by Tij;p.q- BY virtue
of our agreement that the matrices X() and X(P9) are either independent or coincident,
the values of the function 0ij;p.q are either 0 or 1. It is obvious that

Vijipg = Tp,g;ij-
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Let M (C) be a set of k x k matrices with complex elements. We define the mapping
7 : M(C) — M(C) as follows. For a matrix D = (dij)iszl € My (C), we have (D) =

(1(D)j)f =y

k
[n(D)];; = 21 o (i, j; p,q)dpg- (22)
pa=

==

Theorem 4. Suppose that the random variables X’(,Z), wherei,j=1,... . kand p,g =1,...,n,
satisfy the following conditions:

D EXY = 0and BIX\] 2 = 0%

(2) Lindeberg’s condition: for any T > 0, we have

Ly(T) := 2 -Zl 21E||X£Z)|2H{|Xr(fq])| > 1y/n} — 0 when n — oo.
L=1pa=

Then there exists a distribution function F(x) with a Stieltjes transform S(z) that satisfies the equal-
ity S(z) = &(z)/k, where the function &(z) is an analytic function taking values in the space of
square matrices of dimensions k x k, defined in the upper complex half-plane and uniquely defined
by the properties
lim  z&(z) =1
|z|—00,Imz>0
and
26(z) = I +11(8(2))6(2)).

3. Proof of the Main Result

We only need to show the convergence of the corresponding Stieltjes transforms in any
subset of the upper complex half-plane with a non-empty interior. Consider the resolvent
R (z) of a symmetric matrix A. This is defined for all z = u + iv with v > 0. We only need
to prove that in some region G C C with a non-empty interior, there is the convergence

iTerw (z)—iTer — 0forn — oo (23)
nk X nk Y
in probability.

We shall divide the proof into three parts. First, we show that we can replace random
variables with so-called truncated random variables. Then, we prove that for truncated
quantities, the difference between the expectations of the Stiltjes transformations of the
matrices Wx and Wy tends to 0. Finally, we show that the variance of the Stiltjes transfor-
mations tends to 0 (Girko’s lemma). The convergence of expectations and the convergence
of variances to zero entail the convergence of probabilities.

3.1. Truncation

As a first step in the proof, we reduce the problem to truncated random variables. For
some T > (0, we introduce the quantities

X0 = xW1g x| < vy/n}.

Next, consider their centered version
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and the normalized version 0
s() _ 9pq (1)
Xpg =~y Xpa
Pq
~(D12 _ )2
where [0, |” = E[X},;]°. Note that
() _ (1)72 (Dy2
EX,; =0, E[qu] [qu]
Consider the matrices Wy, Wy, and Wx obtained from Wy by replacing XY with

X %W and X,E,q) , respectively. Also, consider the resolvent matrices RWX( z), ﬁwx (z),

pqs “*pq-s
and R, (2).

Lemma 1. Under the conditions of Theorem 1, we have

n—o0

1 Tr RWX) = 0 in probability.

. 1 .
lim (ﬁ Tr Rw, — "

Proof. We start by estimating the quantity

1. = 1
By := o Tr Rw, (z) — o Tr Rw, (2).
The following inequality holds:
1 m n 5
E[[Wx —Wxl[F < — 3 Z o PIIXGP | > T/
I=1 (i,j)e A pa=1

Then, applying Cauchy’s inequality, it is easy to obtain that

nk nk 5 % kn ~ %
E|B| < *E( Y. \Z (2)]jr] ) ( Y E[W, — Wy ) :
Lr=1 j= Lr=1

It is then not hard to see that

nk nk nk nk

Y I LREGRE) S = ¥ IREREL? = [RERE)S < 5.

Lr=1 j=1 Lr=1

Combining inequalities (24) and (25), we obtain the following:

Nl—

E|B,| g( 2 . BV SN 1(1’).

=1pg=1

We obtain a similar estimate for the quantity

1 ~ 1 = 1.1
E|B,| := E‘a TrR(z)]x — ﬁTrRx(z>‘ < L3 (7).

Let us now estimate the value

1 o 1 =~
B3 := e TrRx(z) — ﬁTrRx(z).

(24)

(25)

(26)

(27)

(28)
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We have
1 o~ 9 <
E|Bs| < | Rx(2)Rx(z) R (2)
) — 1 o —
E|W-W|, < E||W-W
| 2 < M | 2
(i) (l]
nkvz (2 y 2 X x{) ) (29)
L(ij)eA pg=1
Obviously,

& & (l] 11 & 2 (if)\2
)3 Z Z Z Y o542 = (o3 |
I=1 (ij)e A; pg=1 I=1 (ij)e A pg=1

< C(1k)2Ly (7).

—~

Substituting the last estimate into (29), we obtain

!
E|B;| < ;Ln (1),

and therefore,
C
7

:M»—x

E% TrRwy (2) — — TrRwy (2)] <

- (7).

Lemma 1 has been proven. O

Remark 4. Since the function Ly, (T) at fixed T is monotone on T and L, (T) — 0at n — oo for any
fixed T, there exists a sequence T, such that T, — 0and L, (T,) — 0at n — oo. In what follows, we
write T = T, — 0such that L, (T,) — 0as n — oo. Without loss of generality, we can assume that
the random variables X%), i,j=1,....,kpq=1,...n,and Ylgq), i,j=1,....kpg=1,...n,
satisfy the condition

max{ Y|, |1X |} < vv/n. (30)

3.2. Special Representation for the Difference Between Two Resolvents

For any a € [0, 77/2], consider the random matrix
Z (x) = X; cosa + Y, sina.

We denote

Wy 2( y E']> zO(), Ry(za) = (W(a)—zI)"L

(ij)eA

In what follows, we denote the elements of Wx (a) = (Wj) and zW(a) = (Z](}i)) simply

by W and Z(), omitting a and X from notations (unless this is ambiguous). Obviously, we
have

=

1 1 1
7k TrRWX(Z) — —kTI'RwX(Z, E) - a TrRWX(Z,O)

7 E)TrRWX z,) wa ]] L)
~ ok / nk Z / da. (1)

1
% Tr RWY (Z) -
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We can now write
B[wa ji(z, &) i i [Rwy ] ]] (z,a) E)Z;(gq)
I=1 pg=1 E)Z o
Note that for any invertible matrix A, the following differentiation formula is valid:
A a1 (At
T = AT A 32)

(see, for example, [33]). Applying (32) to the resolvent Rw, (z, &), we obtain
d[Rw, Jii(z, o)
Xi](]l) == Z (2 - 5W) [RWx (Z/ ‘X)]j,(rfl)ner[RWx (Z/ ‘x)]j,(sfl)nJrq/
azpq (r,s)G.Al
where 6, stands for the Kronecker symbol. Also, note that
YA -
78517 = —Xr(,lq) sina + Yr(,;) cos a=: Z}(jq)

Summing up the above formulas, we can write

1
i Tr wa(z))

- LT S e [ 22

jll 1pg=1

1
E(ﬁ Tr Rw, (z) —

X Z (2 - §Pq)[wa (Z/D‘)]j,(rfl)ner[RWx (Zr“)]j,(sfl)nJrqd“‘ (33)
(rs)eA

In what follows, we are going to estimate the values

Dr(jlér,S) = EZ;(alq) [RWX (z, “)]j,(rfl)njtp [RWX (z, “)]j,(sfl)njtq

forl =1,...,mr,s € Ajand p,q = 1,...,n. We introduce the matrices Z(lp‘?) =z —

\}Z,(,q) (E(” ‘7) + E@P)) (i.e., the matrix Z("P4) has zeros instead of each qu) In the same

way, we define the matrices W(:?) (z,a) and R( i q)( z,«). The simple resolvent equality
Ra A RA2 = RA1 (Az — Al)RA2 shows that
Rwy (2, &) = Ry (2, 0) — Ry (2,0) (W — WP (2,0) RWPD (2, ). (34)

Letu;, j =1,...,n, denote the standard base vectors (column vectors) of the space R". It is
easy to see that we can then write

1 o T T
W) - WP (a) = —7,) ¥ B @ (upu] +uguj)
nk r,SEA; ! ¢
Now, let v, j = 1,...,kn, be the corresponding basis vectors for RK". Then we can
write

EU) @ (upuy +uguy) = ViUt pY(s1ng T V0 1ngV(s Dt p (35)
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And, further,

I8 1
R (20010 = R )iy = 72 L v Rwy(z)

11, 51€A1
o7 T (Lpg)
x (v Vir—1)n+pV(s— 1)n+q+v(71 Dn+qV(s;—1 n+p)R (z,2)v V(r—1)n+p-

Lp, 1 _a
[RWx (Z"X)]j,(sfl)qu = R%Vz 7 (Z'“)j,(sfl)rwq - ﬁzr(ﬂ]) r,sgél; v]TRWx (z,2)

(l/ ./ )
X (V(Vl—l)'H‘Pv{sl—l)n—&-q + V(rl—l)ﬂ+quT1—1)k+p>RW£ 1 (Zra)v(s—l)n+q' (36)

Now applying (34) to the matrix Rw, on the right-hand side of (36), we arrive at
the following equality:

1,
[wa (Z"X)]j,(r—l)n-&-p = [R\(Ni ) (z, D‘)]',(r—l)n-&-p

(Lp.ag)
7\/?21(,2 Z (V]Tszq (Z/DC) (V(rlfl)n+pvz“s171)n+q + V(rlfq)kJrqu;l*q)k‘Fp)

11,51 G.AZ

Lp, 1 Lp,
X RWD (5,00 (i) + o (ZEDAT)

I 1,
[R( Pﬂl) (z, a)]] (s—T)n+q = [R&lvz 4) (Z,ﬂé)]j,(s—l)n+‘7

1 !
_ﬁz’(’") Yy (V]TRWX(Z/D‘)(V(rfl)nerV{sfl)nJrq+v(’*ﬂ)k+qu*'1)k+i’)

11,51 G.AI

Lp, ! Lp,
X R\(Ni & (Z/D‘>V(s—1)n+q) + ﬁ(Z;q))z[Tz( pq)]j,r,sr (37)

where

(Lpa)y T !
[T, ]rs = 2 2 Vi RWX z,0) Virn-1)n+pV(s;—1)n+q + V(rn=1)n+qVs; ~1)k+p
71,51 GAZ 12, SzGA[

(lpq)(

(L,p.4) vl
XRWX (Z,DC) (V(,,2 Dn+pV (52 1)n+q+ (ra=1)n+qVsy— 1)k+p)R Z’a)V(S—l)”"'q’

(Lpa)y.  _ T T T
[T, ]Jms - ZA Vi Rwy (z, @) V(n-1Dn+pY(s;-1)ntq +v(71*1)”+quﬁl)k+ﬁ
r1,51€A]

(Lp ﬂ)(

(L) T
XRWi (z ) (V(rz Dn+pV (52 1)n+q+v(fz Dn+qVs,— 1)k+p)R Z"X)V(r—l)ﬂﬂr

Note that
]EZ(Z)(oc)Z;(,Iq) (a) = IE((X;(,IL]))2 - (YF(,;))Z) sinacosa = 0.

(1) y\W

Through the independence of the quantities X,; and Y,; and the matrices R( P q)(

z,8), we
obtain

EZ0 @) Ry (2,) ] o1y p R ™ (2] -1 = O
IEZU)(a)Zé?(a)v]TR%Z’Q)(Z,a)
1,
X (V(r 1)n+p {5 1)n+q+v(r 1)n+q Zl)ker)R( pq)(z ‘X) (r 1)n+p =0. (38)

Equalities (33), (36), and (38) imply that

E(% Tr Rwy (z) — % Tr RwX(z)) /7 (Q1+ -+ Qg)da, (39)

where
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1 nk m n (1)\2
o 5y YL 2 ouEZ0)(2)
(nk)2mj:ll:1 p.a=1 (r;s)€A 11,51€A 12,5 €A .
1 Lp,
X VjTRng 7 (z,2) (V(rlfl)n+pvg;1—1)n+q + V(rlfl)n+quqs1—1)k+p) R&Ni 7 (z, “)V(rfl)ner
Lp, Lp,
X V]‘TRg,vz 7 (z,a) (V(rz—l)n+pvz;zfl)n+q + V(rz—l)n+qV(Tstl)n+p> )R‘(NZ 7 (2, 8)V(s—1)n+q/
1 nk m n - !
G=-mrp Ll X XY -4zl w@)
j=11=1p,g=1 (rs)eA r1,51€A
TrUPa) T T
X V; szq (z, ) (V(rlfl)nerV(slfl)nqu + V(r171)n+qulfl)k+p)
1, 1,
R&/viq) (z, Vi 1)n+p[T( Pq)}],m’
1 nk m n (1) ()\3
Q3 - (le)3 712 ~ (2 5PQ)EZ (D‘)(ZPQ)
J=Hi=lpa=
1
x L 2=,
r,sEA;

(lpq)(

TR (LpA) T o7
ij RWx (Z DC) (V(rl—l)n+p (51_1)n+q+ (rn—1)n+q Vs — 1)k+p)R Z’a)v(s—l)”"“?’

Q=" 3f22 L (2o EZ" W)(Z0))"

]11 1pg=1

Lp, Lp,
x X @= )T T
(rs)eA;

1 m
(nk)z\/ijzll 1p.
l

X [R%Z'q) (z, D‘)]j(r 1)n+p[T( PA)

Qs = Y (2 6, EZ0 (@) (22
q=

1

]jI’S/

m n
Qs = (2= 8p)EZ") (a) (Z3g))?
(nk)>v'n 121 121 le
RrPA) , TLPa)y .
x [ Wi (Z/[X)]],(sfl)nJrq[ 1 ]],r,s'
3.3. Estimations of Quantities Q1—Qpe
3.3.1. Estimation of Q;

We represent Q; in the form

Q1=0n+-+Qu,
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where
Qu =— ZZ Z Yo Y Y (2-0p) EZ()( (q))z
] 11=1pg=1 (r,s)€A r1,51€A; 12,5€ A4,
1 Lp,
x [R( ”q) (2,0 -1y p IRWL™ (28] 6y 1)t Dyt

1,
x [R&” (e, zx>1] 1t p RWE? (2 0)] (5 1) s 1) g

Quz = - ZZZ YL L 2-6mEZ)(Z)

] 1I=1pg=1(r,s)€A, r1,51€A 12,5 €A
x [R“”) (2 )]y -1y p RU (2 0] 6y -1y, 14
x [R&z D (2,00 s 1004 RWE (2 )] (53 1)1 s 1)
Qi3 =-— ZZ DI S BIRC I JEZy) (Z3))?
] 11=1p,9=1 (r;s)€A; r1,51€A 12,52€A;
x [R“ ”W <z,a>1j,<,1,1>n+q[k< P (2,8)] (o1 1) p
x [R&” D (2,001 s 1y RWE? (20 6y 1yt o1y
Qu=- 1TV T L L e e
nk] 1i=1 pg=1 (r,s) €A r1.51€A; 12,5264,
x [R“”) (2 )]y -1y RWE? (20 0)] (611 1t

1, !
X [R\(Ni 4) (Z/‘X)] (ra— 1)n+q[R( PA) (Z, 0‘)](52—1)11+p,(s—1)n+q
There is an obvious inequality for v = 2,3, 4:

1
(VT

This follows from condition (30).

E|Zp (Zi)'] < CTv Y (oiy)2. (40)

All values of Q1,, v =1,...,4, are estimated similarly. Let us first consider the estima-
tion of Q17. Note that the number of elements in sets A; for I = 1,...,m is independent of

n and does not exceed k2. Given the independence of X;Z), Yrgé), and the matrices R( p q)

we can write
Qu =- ZZ Y ¥ T L szl
] 11=1p,q=1(r,s)€A; r1,51€A; 12,5€A;
I 1,
x E[Ryy < P (2,001 41y RWE? (20) 5y -1y, (1

1
x Ry 0 2 @) a1yt p RWET (2 8)] (5 1yt g 51 g

Applying inequality (40), we get

Qui<cromb Y Y B E @

j=11=1p,g=1(r,s)€A; r1,51€A; r2,52€A;
E|RW,™ (20, -1y Ry (2 2)]
X [ Wy & &) —1)ntp Z,%) | (s1—1)n+q,(r—1)n+p

Lp, )
x [RW (2, 0)]; 1y 1 p RWET (28] (53 1) g5 1yt



Mathematics 2025, 13, 2056 18 of 23

The following inequality is valid

&) (Lp4)
EMRWX (Z/“)]j,(rlfl)ner[RWX (Z'“)]j,(rzfl)rwp’

j=1
) 2\ % (T () p_ 1
< (L IR o) nnipl?) (L RWE @) nipl?) < o @1)
j=1 j=1

Here, we apply Cauchy’s inequality and use the fact that for any resolvent matrix
Rp = (A —zI)~! constructed by a symmetric real or Hermite matrix A = (Aif)f i1/
the operator norm at the point z = u + iv does not exceed |Ra| < 1, and hence the sum of
squares of the elements of any row does not exceed - P i.e., for any i=1,...,n,

n 5 1
Yo IRl < . (42)
j=1 ¢
In addition,
1
max{|RW.” (2, )i, 11 b RWL? )]y tpnsg o megl} S 5 @49)

Given these inequalities, we arrive at the following estimation:

o L o)

CT 1
Qul < —

Similarly, we obtain estimates for v = 2,3, 4:

1
< _4
|Q1v| = Crto (ﬂk

7). Z qu : (44)
1=1 =

122

Hence, from condition (16),

|Q1] < o (45)

The estimates of Q,, Q3, and Qg are slightly different due to the dependence of the
values X,(,lq) and Y(q) and the matrices Rw, . But this problem is easily circumvented. All

estimates associated with the elements of the resolvent are fulfilled uniformly over the

entire space where the random variables X, (l) and Y(q) are defined.

3.3.2. Estimation of Q;

To estimate Q,, we note that there exists a constant C such that

Lp, _
1137 sl < Co™> 1 1 Rwy (2,8)] 6,1yt - (46)
rEA;
Applying this inequality, we obtain
1 ¢y (1 UN:
QI <Cirma . Y EIZO)(Zy)|
v (n ) I=1pq=1(r;s)€A; 11,51€A
nk (Lpg)
X 2 |szlq (Zra)j,(rl—l)n-&-p’[RWx (Zr‘x)]j,(r—l)n—&-p’r (47)

j=1
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Using inequalities (42) and (43), we obtain
L S v 707033
|Q2] < Cv6(nk)3 Z Z E|Z (“)(qu) | (48)
I=1pgq=1
Inequalities (40) and (16) and the last inequality together imply that
2

Q<. 49)

3.3.3. Estimation of Q3

Let us rewrite the definition of the quantity [T{’p & jrs taking into account equality (35):

Lp, Lp, Lp,
[Tl( pq)]jrs = [T1(1pq)]jrs +eee [T1(4pq)]jrs,

where

[Tl(i,p,q)]j,r,s = Z [RWX(Z/“)]] (r1— 1)n+p[R(lpq)(Z “)](sl—l)n+q,(r—l)n+p

nseA;
x [R%Z'q) (2, @)} (s—1)n+q,(s—1)ntqr

[Tl(é'p'q)]j,r,s =) [RWx(zl“)]j,(rl—l)n-&-p[R\(/i;Z,q) (2,0 (s~ 1)1+, (r—1)n+4
nseA;
X [RWP (2,00 1yt p (o107

T s = L R (2] - 1nqRWL 200 6,y -1y

71,51 GA]
v [R(ZJW) )]
Wy (Z/‘X (s—1)n+q,(s—1)n+qs

Lp, Lp,
[T1(4pq)]j,r,s = ZA [RWx (Zra)]j,(rl—l)n-&-q [R\(Nz 7 (Z/“ﬂ(sl—l)n-i-p,(r—l)n-i-q
r,51€4]

Lp,
x [RSN)FZ 7 (Z, D‘)] (s—=1)n+p,(s—1)n+q"

Similarly to inequality (49), we obtain the estimate

1, (1, (1, l
max{|[TP] TSP DL o TSP, L TP
C

< 2 Z (HRWX (Z/ “)]j,(rlfl)n+p| + HRWX (Z/ “)]j,(rlfl)nJrqD'

11,51 E.A[

Inequalities (50), (41), and (42) together imply that

|Q3|< 2522‘7(1)<

3.3.4. Estimation of Q,
Applying inequalities (50), (41), (42), and (46), we obtain the estimate

ct

(50)

(51)

(52)
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3.3.5. Estimation of Qs
We use inequalities (41), (42), and (46) again. We obtain
Ct
Q5] < —- (53)
v
3.3.6. Estimation of Qg
Similarly to Qs, we apply inequalities (41), (42), and (45). We obtain
Ct
1l < - (54

Estimations (45), (49), and (51)—(54) together with the representation in (39) imply that

1 1 3 2
‘ Ct Ct Cfr (55)

—ETrR z,zx——IETR‘<— _— .
ner()nkry_v4+v6 v°

Without loss of generality, we can assume that T < 1. The final estimate can be
written as

1 1
- _ <
‘ k]ETrRx(z,zx) kETr RY‘ Cr, (56)

where the constant C depends on v, k, and m. Considering the transition to truncated
values, the final estimate is as follows:

1 1 1
)ﬁ]ETrRx(z,rx) - ﬁﬂ-zTrRY‘ < C(T+ (Lu(1)2). (57)

According to Remark 4, we can choose a sequence T, such that 7, — 0 and L,(7,) — 0 as
n — oo. It follows that

. 1 1 B
nlgr.}o]E(aTerx(z,tx) ~E—_ TerY) —0. (58)

To complete the proof, we give the following lemma.

3.4. Girko’s Lemma

Lemma 2. Under conditions of Theorem 1, the following inequality holds:

E|i(Ter —ETrRw )’2 < ﬁ

nk X A

Proof. We prove this lemma using the method proposed by Girko (with a slight modifica-
tion). For/ =1,...,mand j =1,...,n, we define c-algebras om(Li) = U{X;sq),s <Lpg<
j}. Note that MY = {@, O} is a trivial o-algebra and 9" is a o-algebra with respect to
which all random variables X;,lq) for/ =1,m,1 < p,and q < n are measurable. It is obvious
that for any fixed Il =1, ..., m, the o-algebras of om(Li) are non-decreasing forj =1,...,n.

Suppose that
1 ; i
iy = - (B{T R (2) [0} — B{Tr Ry (2)] D),

When! =1,...,m is fixed, the random variables are uncorrelated. It is easy to see that

1 n n
s (TrRWX(z) — ETrRWX(Z)) = Z 27711"
1=1j=1
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The Cauchy inequality implies that

1 2 m n ) moamn )
E|— (TrRuy(2) ~ ETrRug (2))| < (k2 ;M};mﬂ = (nk)zl;];[@w . (59)

For any fixed I =1,...,,mand j = 1,...,,n, define the matrix W) obtained from the
matrix W by removing, for any p,q € A;, rows with numbers (p — 1)n + j and columns
with numbers (g — 1)n + j. Note that
L,j i i
E{Tr Ry |} — E{Tr Ry, ]2~} = 0.

Hence, we have the representation

mi-DYy. (60)

1 1j i 1j
M= (E{Tr Ry (z) — TRy |} — E{Tr Ry (2) — TrRYy)

Now, we use the inequality

I TeRyg (2) - TR < A1 <

4

k2
v
which, together with (59), gives the estimate

1 , K
J— — < —
E’nk(TI‘RWX(Z) ETI‘RWX(Z))| S 2

The lemma has been proven. [

Lemma 2, Remark 4, and relation (58) now complete the proof of the theorem.

4. Conclusions

Block-type random matrices play an important role in many studies. In this case,
special attention is paid to the limiting distribution of the spectrum of such types of
matrices. This is a difficult problem, but for special distributions of matrix elements, it is
often possible to solve this problem. The universality of the limiting spectral distribution
(its independence from the distribution of matrix elements) allows us to choose matrices
with elements that have a distribution with certain good properties, for which special
methods can be used, for example, for Gaussian distributions. However, this is not always
possible. For example, even in the Gaussian case, there is no exact description of the
limiting spectral distribution for the Teuplice matrix. It is known that it has an infinite
carrier and is non-Gaussian (the second moment is 1 and the fourth moment is 8/3; see, for
instance, [3]).

Many important problems in random matrix theory remain unsolved for block-type
random matrices. First of all is the study of the distribution of eigennumbers in the local
regime (convergence rate, rigidity, delocalisation of eigenvectors, and so on), and then
the distribution of extreme values of eigennumbers, and so on.
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