
Rate of Convergence for Sparse Sample
Covariance Matrices

F. Götze, A. Tikhomirov, and D. Timushev

Abstract This work is devoted to the estimation of the convergence rate of the
empirical spectral distribution function (ESD) of sparse sample covariance matrices
in the Kolmogorov metric. We consider the case with the sparsity npn ∼ logα n, for
someα > 1 and assume that themoments of thematrix elements satisfy the condition
E |X jk |4+δ ≤ C < ∞, for some δ > 0. We also obtain approximation estimates for
the Stieltjes transform in the bulk.
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1 Introduction

For the first time, random matrices arose in the work of Wishart [1] in mathematical
statistics and later in the work of Wigner [2] for applications in nuclear physics.
Wigner used the eigenvalues of random Hermitian matrices with centered indepen-
dent identically distributed elements to describe the energy levels of heavy nuclei.
Later, such matrices were called Wigner matrices. Wigner proved that the density of
the empirical spectral distribution function of the eigenvalues of such matrices con-
verges to the semicircle law when the dimension of the matrix increases to infinity.

The second important class of random matrices is an ensemble of sample covari-
ance matrices. These are matrices of the form XX∗, where X is a n × m matrix with
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centered identically distributed independent elements. In the context of statistical
analysis, the columns of matrix X are an m-dimensional sample of a n-dimensional
data vector. With the size of matrix X increasing to infinity, so that the ratio n/m
converges to some constant, the density of the limiting empirical spectral distribu-
tion of the matrix XX∗ was explicitly found by Marchenko and Pastur [3]. Sample
covariance matrices play an important role in the problems of multivariate statisti-
cal analysis, in particular in the method of Principal components analysis (PCA).
Random matrices of this type also appear in the theory of wireless communication.
The spectral density of these matrices is used in calculations related to the capacity
of a multiple-input multiple-output (MIMO) channel. This connection between the
theory of random matrices and wireless communication was established by Telatar
[4]. In this linear model, the element Xi j of the channel matrix X is the transmis-
sion coefficient from the j-th transmitter to the i-th receiver antenna. The resulting
signal can be represented by the linear relationship y = Xr + s, where r is the input
signal and s is zero-mean Gaussian noise with some variance σ 2. In the case of
i.i.d. Gaussian input signals, the channel capacity is determined by the expression
(1/n) E log det(I + σ−2XX∗). This application of the randommatrix theory was one
of the reasons of the explosive growth in this topic in the next decade. An important
area of sample covariance matrices applications is Graph theory. In the case of a
directed graph, its adjacency matrix is asymmetric and so instead of its eigenvalues,
we have to consider singular ones, which naturally leads to sample covariance matri-
ces. An example of such a graph is a bipartite random graph, the vertices of which
can be divided into two groups, in each of which the vertices are not connected to
each other. If the edges probability pn of such graph tends to zero with the num-
ber of vertices increasing to infinity, we get a sparse sample covariance matrix. The
behaviour of eigenvalues and eigenvectors of a sparse random matrix significantly
depends on its sparsity and we cannot apply the results obtained for the case of
non-sparse matrices. The case of sparse matrices has been considered in a number
of works (see [5–10]). The spectral properties of sparse sample covariance matrices
with the sparsity npn ∼ nα were studied in [8]. In particular, a local law for the eigen-
value density was proved and the limiting distribution of the shifted, rescaled largest
eigenvaluewas found assuming thatmatrix elements satisfy themoments assumption
E |X jk |q ≤ (Cq)cq . Estimates for the Stieltjes transform were also obtained in the
domain {z = u + iv : λ−/2 ≤ u ≤ λ+ + 1, 0 < v < 3}, where λ− and λ+ are left
and right endpoints of the Marchenko-Pastur distribution support, respectively.

The present work is devoted to the estimation of the convergence rate of the
empirical spectral distribution function (ESD) of sparse sample covariance matrices
in the Kolmogorov metric. We consider the case with the sparsity npn ∼ logα n,
for some α > 1 and assume that matrix elements moments satisfy the condition
E |X jk |4+δ ≤ C < ∞. It should be noted that in addition to the result on the rate
of convergence, we also obtain approximation estimates for the Stieltjes transform
in the support of the limiting distribution assuming some truncation condition (see
Sect. 3).
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2 Main Results

Let m = m(n), m ≥ n. Consider independent identically distributed zero-mean ran-
dom variables X jk , 1 ≤ j ≤ n, 1 ≤ k ≤ m with E X jk = 1 and independent set of
independentBernoulli randomvariables ξ jk , 1 ≤ j ≤ n, 1 ≤ k ≤ mwithE ξ jk = pn .
In addition suppose that npn → ∞ as n → ∞. In what follows, for simplicity of
notation, we will omit the index n in pn if this does not cause confusion.

Observe the sequence of random matrices

X = 1√
mpn

(ξ jk X jk)1≤ j≤n,1≤k≤m .

Denote by s1 ≥ · · · ≥ sn the singular values of X and define the empirical spectral
distribution function (ESD) of the sample covariance matrix W = XX∗:

Fn(x) = 1

n

n∑

j=1

I{s2j ≤ x},

where I{A} stands for the event A indicator.
We are interested in the rate of the convergence of the distribution Fn(x) to the

Marchenko–Pastur distribution Gy(x) with the density

gy(x) = 1

2πyx

√
(x − a2)(b2 − x) I{a2 ≤ x ≤ b2},

where y = y(n) = n
m and a = 1 − √

y, b = 1 + √
y.

We will follow the standard symmetrization technique (see [11]). To linearize the
ESD we consider the symmetrized distribution function

F̃n(x) = 1 + sign(x)Fn(x2)

2
,

and the symmetrizedMarchenko–Pastur distribution function G̃ y(x)with the density

g̃y(x) = 1

2πy|x |
√

(x2 − a2)(b2 − x2) I{a2 ≤ x2 ≤ b2}.

Then we have for the rate of the convergence of the ESD function to theMarchenko–
Pastur distribution function in the Kolmogorov metric that

�n := sup
x

|Fn(x) − Gy(x)| = 2 sup
x

|F̃n(x) − G̃ y(x)|.

In what follows we shall consider the symmetrized ESD only and we shall omit the
symbol “ ·̃ ” in the notation.
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We state the following result.

Theorem 1 Let E X jk = 0 and E |X jk |2 = 1. Assume that

E |X jk |4+δ ≤ μ4+δ < ∞,

for any j, k ≥ 1 and for some δ > 0. Suppose that there exists a positive constant B,
such that

npn ≥ B log
2
κ n,

where κ = δ
2(4+δ)

. Then there exists a constant C depending on δ and μ4+δ such that

�n ≤ C log n

npn
,

with high probability.

Remark 1 We say that some event An holds with high probability, if for any Q > 0,
P{An} ≥ 1 − n−Q , for sufficiently large n.

To prove Theorem 1, we will use the smoothing inequality developed in [11],
Corollary 3.2. For the reader’s convenience, we reproduce the statement.

For any x such that |x | ∈ [1 − √
y, 1 + √

y], define the quantities

β = β(x) := √
y − ||x | − 1|,

and

Jε = [1 − √
y + 1

2
ε, 1 + √

y − 1

2
ε], for any 0 < ε <

√
y.

Lemma 1 (Smoothing inequality) Suppose that y < 1. Let ε, v0 be positive numbers
such that ε ≤ √

y/2 and v0 < Cε3/2. Denote by sn(z) the Stieltjes transform of Fn(x),
and by Sy(z) — the Stieltjes transform of Gy(x). Note that 0 ≤ β ≤ √

y. For any
x : |x | ∈ Jε, we have β ≥ 1

2ε. Then the following inequality holds:

�n ≤ 2
∫ ∞

−∞
|sn(u + iV ) − Sy(u + iV )|du + C1v0 + C2ε

3
2

+ 2 sup
|x |∈Jε

∫ V

v′
|sn(x + iu) − Sy(x + iu)|du, (1)

where V > v0, v′ = v0√
β
.

The last inequality implies that it is enough to estimate the proximity of the
corresponding Stieltjes transforms in the domain
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Dε := {z = u + iv : |u| ∈ Jε, v0/
√

β ≤ v ≤ V },

where the exact values v0, ε will be defined later. This will imply the bound for �n .
The paper is organized as follows. In Sect. 3 we investigate the Stieltjes transform

of the symmetrized ESD function in the domain Dε assuming that the elements
X jk satisfy some truncation and moment assumption (C0) (will be defined below).
We state Theorem 2 and prove several Corollaries. In Sect. 4.1 we show that the
elements X jk may satisfy the condition (C0). In Sect. 4.2 smoothing inequality (1)
and Corollary 3 allow us to bound the quantity �n . Sect. 5 is devoted to the proof
of Theorem 2: in Sect. 5.1 we get the bound for the diagonal elements of resolvent
matrix R(z) when z ∈ Dε (the main difficulty is with Im z close to real axis of the
complex plane), and in Sect. 5.2 we estimate Tn . In the Appendix we state and prove
some auxiliary results.

3 The Stieltjes Transforms Proximity

Note that the symmetrized empirical spectral distribution function (ESD) of the
sample covariance matrix W = XX∗ may be rewrite as

Fn(x) = 1

2n

n∑

j=1

(
I{s j ≤ x} + I{−s j ≤ x}

)
.

By the definition of the Stieltjes transform we have

sn(z) = 1

2n

( n∑

j=1

1

s j − z
+

n∑

j=1

1

−s j − z

)
= 1

n

n∑

j=1

z

s2j − z2

and

Sy(z) = −(z2 − ab) +√(z2 − a2)(z2 − b2)

2yz
.

Using the inequality |Sy(z)| ≤ 1√
y we obtain 1

|ySy(z)+z| =
∣∣∣ySy(z) − 1−y

z

∣∣∣ ≤ 1 +
2
√
y, for z ∈ Dε. Note that Fn(x) is the ESD of the block matrix

V =
[
On X
X∗ Om

]
,

where Ok is k × k matrix with zero elements.
Let R = R(z) be the resolvent matrix of V: R = (V − zIn+m)−1. It is easy to see

that
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R =
[

z(XX∗ − z2In)−1 (XX∗ − z2In)−1X
X∗(XX∗ − z2In)−1 z(X∗X − z2Im)−1

]
.

This implies

sn(z) = 1

n

n∑

j=1

R j j = 1

n

m∑

l=1

Rl+n,l+n + m − n

nz
. (2)

Throughout this section the conditions (C0) are assumed to be fulfilled:

E |X jk |4+δ ≤ μ4+δ < ∞ and |X jk | ≤ C(np)
1
2 −κ, with κ = δ

2(4 + δ)
. (C0)

Let s0 > 1 be some constant depending on δ, V be some positive constant. The
exact values of these constants will be determined below. For any 0 < v ≤ V we
define kv as kv = kv(V ) := min{l ≥ 0 : sl0v ≥ V }. Let

�n = �n(z) := sn(z) − Sy(z),

where z = u + iv and v > 0. Set the notation

b(z) = z − 1 − y

z
+ 2ySy(z), an(z) = Im b(z) + log(np) log n

np|b(z)| ,

and

bn(z) = z − 1 − y

z
+ 2ySy(z) + y�n(z) = b(z) + y�n(z).

Note that, for z ∈ Dε

v + 2y Im Sy(z) ≤ Im b(z) ≤ |b(z)| ≤ C(y, V ),

where C(y, V ) = 2 + 3
√
y + V . For given γ > 0 consider the event

Qγ (v) := {|�n(u + iv)| ≤ γ an(u + iv), for all u : |u| ∈ Jε

}

and the event Q̂γ (v) =⋂kv
l=0 Qγ (sl0v). For any γ there exists the constant V = V (γ )

such that
Pr{Q̂γ (V )} = 1. (3)

It may be V = √
2/γ , for example. In what follows, we assume that γ and V are

chosen so that equality (3) is satisfied. We will also assume that γ is chosen so that
for all 0 < v ≤ V

γ
√
yan(z)max

{
1, (1 + 2

√
y)

√
y
}

< 1/4.
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We denote Q = Q̂γ (V ). Summing the equations in (2), we get

sn(z) = − 1

z + ySy(z) − 1−y
z

(1 + Tn− y�nsn(z)) = Sy(z)(1 + Tn− y�nsn(z)),

(4)

where

Tn = 1

n

n∑

j=1

ε j R j j ,

where

ε j = ε j1 + ε j2 + ε j3,

ε j1 = 1

m

m∑

l=1

Rl+n,l+n − 1

m

m∑

l=1

R( j)
l+n,l+n,

ε j2 = 1

mp

m∑

l=1

(X2
jlξ jl − p)R( j)

l+n,l+n,

ε j3 = 1

mp

∑

1≤l �=k≤m

X jl X jkξ jlξ jk R
( j)
l+n,k+n .

Here by symbol R( j)
l,k we denote the elements of the resolvent matrix defined via

matrix X with row j deleted.
In this section we formulate the following result.

Theorem 2 Under the conditions (C0), for all z ∈ Dε with v0 = Cn−1 log4 n, ε ≥(
C log n

n

)2/3
, for any K ≥ 1 there exists constant C = C(K ) and q ≤ K log n, such

that
E |Tn|qI{Q} ≤ Cqq

q
2 (1 + √

nvqq/2)βq
n ,

where

βn = an(z)

nv
+ 1

np
.

Corollary 1 Under the conditions of Theorem 2, in the domain Dε, for any K ≥ 1
there exists constant C = C(K ) and q ≤ K log n, such that

E |�n|qI{Q} ≤ Cqqqβ
q
n

|b(z)|q .

Proof From Theorem 2 it follows

E |Tn|qI{Q} ≤ Cqqqβq
n .
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It is straightforward to check that |bn(z)|I(Q) ≥ c|b(z)|I(Q) in the domainDε. Thus
it is enough to consider the inequality |�n| ≤ C |Tn |

|b(z)| . The Corollary is proved. �

Corollary 2 Under the conditions of Theorem 2, in the domain Dε for any Q > 1
there exists a constant C depending on Q, such that

Pr
{
|�n| > C

βn log n

|b(z)| ;Q
}

≤ Cn−Q .

Proof For the proof it is enough to apply Markov inequality choosing q ∼ log n and
result of Corollary 1. �

Corollary 3 Under the conditions of Theorem 2, in the domain Dε for any Q > 1
there exists a constant C depending on Q, such that

Pr
{
|�n| > C

βn log n

|b(z)|
}

≤ Cn−Q .

Proof For the proof of this Corollary we shall use the so called additive descent
method. We partition interval [v′, V ] by points

vk = V − kδn, k = 1, . . . K ,

where K = (V − v′)/δn and δn is choosing so that for any k = 1, . . . , K and any
vk ≥ v ≥ vk+1

|�n(u + ivk) − �n(u + iv)| ≤ δn/v
′2 ≤ 1/n.

It is enough to put δn = 1/n3. Note that by Lemma 6, we have

βn

|b(z)| ≤ C |an(z)|
nv|b(z)| ≤ 1

4
an(u + iv1) and max

{ 1

np|b(z)| ,
C

np

}
≤ 1

4
an(u + iv1).

These implies
Pr{|�n(u + iv1)| ≥ an(u + iv1)} ≤ Cn−Q .

Applying Corollary 2, we get

Pr
{
|�n(u + iv1)| ≥ C

βn log n

|b(z)| ;Q
}

≤ Cn−Q .

Repeating this for k = 1, . . . K and using the union bound, we get

Pr
{
|�n(u + iv)| > C

βn log n

|b(z)| , for any V ≥ v ≥ v′
}

≤ Cn−Q .

Thus Corollary 3 is proved. �
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Corollary 4 Under the conditions of Theorem 2, in the domain Dε we have, for
q ∼ log n,

Pr
{ ⋃

1−√
y≤|u|≤1+√

y

{
|�n(u + iv)| > K

βn log n

|b(z)|
}}

≤ Cn−Q .

Proof Note that, for v ≥ v0,

∣∣∣∣
∂�n(u + iv)

∂u

∣∣∣∣ ≤
2

v2
≤ n2.

Split interval [1 − √
y, 1 + √

y] into N = n3 intervals with endpoints uk , k =
1, . . . , N such that |uk+1 − uk | ≤ C

N and for any uk ≤ uk+1,

|�n(u + iv) − �n(uk + iv)| ≤ K
βn log n

2|b(z)| .

Further we write

Pr
{ ⋃

||u|−1|≤√
y

{
|�n(u + iv)| > K

βn log n

|b(z)|
}}

≤ Pr
{⋃

k

{
|�n(uk + iv)| > K

βn log n

2|b(z)|
}}

.

Applying the union bound, we get

Pr
{ ⋃

||u|−1|≤√
y

{
|�n(u + iv)| > K

βn log n

|b(z)|
}}

≤
N∑

k=1

Pr
{
|�n(uk + iv)| > K

βn log n

2|b(z)|
}
.

Taking into account that N ≤ Cn3 for q ∼ log n, and applying Corollary 3 we obtain
the result. �

4 The Proof of Theorem 1

In this section we assume only that

max
j,k≥1

E |X jk |4+δ = μ4+δ < ∞.

Using the standard truncation procedure we show that the Kolmogorov distance
between the empirical spectral distribution and the limiting one is of order
O((np)−1 log n). This implies, the proximity of the eigenvalues to the corresponding
quantiles of the limit distribution of order O(�n) with probability close to 1.
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4.1 Truncation

In the proof we use the standard truncation procedure (see [11], Sect. 5, for example).
Introduce the truncated random values

X̂ jk = X jkI{|X jk | ≤ C(np)
1
2 −κ}, where κ = δ

2(4 + δ)
,

the centered random values

X̃ jk = X̂ jk − E X̂ jk,

and the normalized random values

X̆ jk = σ−1 X̃ jk, where σ 2 = E |X̃ jk |2.

Denote by V̂, Ṽ, V̆ matrices obtained from V by replacing X jk with X̂ jk , X̃ jk , X̆ jk .
Let F̂n(x), F̃n(x), F̆n(x) be the symmetrized ESD functions of the corresponding
matrices.

Lemma 2

sup
x

|Fn(x) − Gy(x)| ≤ sup
x

|F̆n(x) − Gy(x)| + C

np
.

Proof Wewill successively estimate the values supx |F̂n(x) − Fn(x)|, supx |F̃n(x) −
F̂n(x)| and supx |F̆n(x) − F̃n(x)|.

First we note that
Pr{X̂ jk �= X jk} ≤ μ4+δ

(np)2
. (5)

Bai’s rank inequality (see [12], Theorem A.43) gives

sup
x

|F̂n(x) − Fn(x)| ≤ rank{V̂ − V}
n

.

Since the rank does not exceed the number of non-zero elements of the matrix, we
have

sup
x

|F̂n(x) − Fn(x)| ≤ 1

n

n∑

j=1

m∑

k=1

ξ jkI{|X jk | ≥ C(np)
1
2 −κ} = 1

n

n∑

j=1

m∑

k=1

η jk,

where η jk = ξ jkI{|X jk | ≥ C(np)
1
2 −κ} are Bernoulli distributed with E η jk ≤

1/(pn2). This implies
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E

[
sup
x

|F̂n(x) − Fn(x)|
]q ≤ Cq

nq

[( n∑

j=1

m∑

k=1

E η jk

)q +
∣∣∣

n∑

j=1

m∑

k=1

(η jk − E η jk)
∣∣∣
q]

≤ Cq

nq pq
+ Cqqq/2

nq

( n∑

j=1

m∑

k=1

E(η jk − E η jk)
2
)q/2 + Cqqq

nq

n∑

j=1

m∑

k=1

E |η jk − E η jk |q .

Applying (5) and Rosenthal’s inequality (see [11], Lemma 8.1), we obtain

E

[
sup
x

|F̂n(x) − Fn(x)|
]q ≤ Cqμ

q
4+δ

(np)q
+ Cqq

q
2

nq p
q
2

+ Cqqq

nq p

≤ Cq max{1, (qp) q
2 , (qp)q−1q}

(np)q
.

Using Chebyshev’s inequality, we get

Pr
{
sup
x

|F̂n(x) − Fn(x)| ≥ K
C max{1,√qp, qp}

np

}
≤ 1

Kq
.

Choosing q ∼ log n and K ∼ const, we write

Pr
{
sup
x

|F̂n(x) − Fn(x)| ≥ C max{1, p log n}
np

}
≤ Cn−Q .

Consider the centered ESD function F̂n(x). Note that the elements X jk are i.i.d.,
so the rank of the matrix V̂ − Ṽ is 1 (since all elements of the matrix are the same
constant E X̂ jk). Therefore

sup
x

|F̂n(x) − F̃n(x)| ≤ C

n
.

Consider now the normalized ESD function F̆n(x). It is easy to see that

sup
x

|F̃n(x) − Gy(x)| ≤ sup
x

|F̆n(x) − Gy(x)| + sup
x

|Gy(xσ) − Gy(x)|.

Note that the random variables X̆ jk satisfy the condition (C0). Given that the
density of the distribution function Gy(x) is bounded by a constant, we obtain

sup
x

|F̃n(x) − Gy(x)| ≤ sup
x

|F̆n(x) − Gy(x)| + C |σ − 1|.

It can be shown, that

|1 − σ | ≤ C

(np)1+2κ
.
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Thus,

sup
x

|F̃n(x) − Gy(x)| ≤ sup
x

|F̆n(x) − Gy(x)| + C

(np)1+2κ
.

The lemma is proved. �

4.2 The Proof of Theorem

Now we may consider the random variables satisfying condition (C0). Put v0 =
Cn−1 log4 n, ε =

(
C log n

n

)2/3
. We shall apply smoothing inequality (1) and the result

of Corollary 3.
The estimation of the first term in the smoothing inequality when Im z = V is

standard procedure since |R j j | < 1/V . It is not difficult to obtain the estimation

∫ ∞

−∞
|sn(u + iV ) − Sy(u + iV )|du ≤ C

(1
n

+ 1

np

)
.

The main problem appears in the application of the second integral of the smoothing
inequality. Using the bound from Corollary 3 we get

sup
|u|∈Jε

∫ V

v′
|sn(u + iv) − Sy(u + iv)|dv ≤ sup

|u|∈Jε

∫ V

v′

(an(z)
nv

+ 1

np

)C log n

|b(z)| dv

≤
∫ V

v′

C log n

nv
dv + sup

|u|∈Jε

∫ V

v′

C log2 n log(np)

nvnp|b(z)|2 dv + sup
|u|∈Jε

∫ V

v′

C log n

np|b(z)|dv

≤ C log2 n

n
+ C log4 n

npnβ
+ C log n

np
≤ C log n

np
.

The Theorem is proved.

5 The Proof of Theorem 2

The main difficulty in proving the Theorem is to obtain an estimate for diagonal
elements of resolvent R in the domain Dε.
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5.1 Estimation of Resolvent Diagonal Elements

Let T = {1, . . . , n}, J ⊂ T and T
(1) = {1, . . . ,m}, K ⊂ T

(1). Consider σ -algebras
M(J,K), generated by the elements of X with the exception of the rows with number
in J and the columns with number in K. We will write for brevity M j instead of
M(J∪{ j},K) and Ml+n instead of M(J,K∪{l}). By symbol X(J,K) we denote the matrix
X which rows with numbers in J are deleted, and which columns with numbers in
K are deleted too. In a similar way, we will denote all objects defined via X(J,K),
such as the resolvent matrix R(J,K), the ESD Stieltjes transform s(J,K)

n , �(J,K)
n and so

on. The symbol E j denotes the conditional expectation with respect to the σ -algebra
M j , and El+n — with respect to σ -algebra Ml+n . Let J

c = T \ J, K
c = T

(1) \ K.
Consider the events

A jk(v, J, K;C) = {|R(J,K)
jk (u + iv)| ≤ C}. (6)

Set

A(1)(v, J, K) = ∩n
j=1 ∩n

k=1 A j,k(v, J, K),

A(2)(v, J, K) = ∩m
j=1 ∩n

k=1 A j+n,k(v, J, K),

A(3)(v, J, K) = ∩n
j=1 ∩m

k=1 A j,k+n(v, J, K),

A(4)(v, J, K) = ∩m
j=1 ∩m

k=1 A j+n,k+n(v, J, K). (7)

For all { j, k} ∈ (Jc ∪ K
c) × (Jc ∪ K

c) and u we have |R(J,K)
jk | ≤ 1

v . Introduce
events

Q̂(J,K)
γ (v) :=

kv⋂

l=0

{∣∣�(J,K)
n (u + isl0v)

∣∣ ≤ γ an(u, sl0v) + |J| + K|
nsl0v

}
.

It is easy to see that
Q̂γ (v) ⊂ Q̂(J,K)

γ (v).

For the diagonal elements of R we can write

R(J,K)
j j = Sy(z)

(
1 − ε

(J,K)
j R(J,K)

j j + y�(J,K)
n R(J,K)

j j

)
, for j ∈ J

c, (8)

R(J,K)
l+n,l+n = − 1

z + ySy(z)

(
1 − ε

(J,K)
l+n R(J,K)

l+n,l+n + y�(J,K)
n R(J,K)

l+n,l+n

)
, for l ∈ K

c. (9)

Correction terms ε
(J,K)
j for j ∈ J

c and ε
(J,K)
l+n for l ∈ K

c are defined as
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ε
(J,K)
j = ε

(J,K)
j1 + · · · + ε

(J,K)
j3 ,

ε
(J,K)
j1 = 1

m

m∑

l=1

R(J,K)
l+n,l+n − 1

m

m∑

l=1

R(J∪{ j},K)

l+n,l+n ,

ε
(J,K)
j2 = 1

mp

m∑

l=1

(X2
jlξ jl − p)R(J∪{ j},K)

l+n,l+n ,

ε
(J,K)
j3 = 1

mp

∑

1≤l �=k≤m

X jl X jkξ jlξ jk R
(J∪{ j},K)

l+n,k+n ;

and

ε
(J,K)
l+n = ε

(J,K)
l+n,1 + · · · + ε

(J,K)
l+n,3,

ε
(J,K)
l+n,1 = 1

m

n∑

j=1

R(J,K)
j j − 1

m

n∑

j=1

R(J,K∪{l+n})
j j ,

ε
(J,K)
l+n,2 = 1

mp

n∑

j=1

(X2
jlξ jl − p)R(J,K∪{l+n})

j j ,

ε
(J,K)
l+n,3 = 1

mp

∑

1≤ j �=k≤n

X jl Xklξ jlξkl R
(J,K∪{l+n})
jk .

Theorem 3 Under the conditions (C0), for any 0 < γ < γ0 and u0 > 0 there exist
constants H = H(δ, μ4+δ, γ, u0) and C = C(δ, μ4+δ, γ, u0) such that for all 1 ≤
j ≤ n, 1 ≤ k ≤ m and for all z ∈ Dε, we have

Pr
{|R jk | > H ; Q̂γ (v)

} ≤ Cn−c log n,

Pr
{
max{|R j,k+n|, |R j+n,k |} > H ; Q̂γ (v)

} ≤ Cn−c log n,

Pr
{|R j+n,k+n| > H ; Q̂γ (v)

} ≤ Cn−c log n.

Proof In what follows, we put Q := Q̂γ (v).
Representation (8) and (9) yield that for all γ ≤ γ0 and all J, K satisfying

|u0|(|J| + |K|)/nv ≤ 1/4, the inequalities

|R(J,K)
j j | I{Q} ≤ 2|ε(J,K)

j ||R(J,K)
j j | I{Q} + 2√

y
(10)

and

|R(J,K)
l+n,l+n| I{Q} ≤ 2|ε(J,K)

l+n ||R(J,K)
l+n,l+n| I{Q} + 1 + 2√

y
+ √

y (11)

hold.
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Consider the off-diagonal elements of the resolvent matrix. It can be shown that
for j �= k ∈ J

c

R(J,K)
jk = R(J,K)

j j

(
− 1√

mp

m∑

l=1

X jlξ jl R
(J∪{ j},K)

l+n,k

)
,

for j �= k ∈ K
c

R(J,K)
j+n,k+n = R(J,K)

j+n, j+n

(
− 1√

mp

n∑

r=1

Xrlξrl R
(J,K∪{ j+n})
k+n,r

)
,

and

R(J,K)
j,k+n = R(J,K)

j j

(
− 1√

mp

m∑

r=1

X jrξ jr R
(J∪{ j},K)

r+n,l+n

)
,

R(J,K)
j+n,k = R(J,K)

kk

(
− 1√

mp

m∑

r=1

Xkrξkr R
(J∪{k},K)

r+n, j+n

)
.

Put

ε
(J,K)
jk = − 1√

mp

m∑

l=1

X jlξ jl R
(J∪{ j},K)

l+n,k , ε
(J,K)
j+n,k+n = − 1√

mp

n∑

r=1

Xr jξr j R
(J,K∪{ j+n})
r,k+n ,

ε
(J,K)
j+n,k = − 1√

mp

m∑

l=1

Xklξkl R
(J∪{k},K)

l+n, j+n , ε
(J,K)
j,k+n = − 1√

mp

n∑

l=1

Xlkξlk R
(J∪{ j},K)

l+n,k+n .

Then we get

R(J,K)
jk = R(J,K)

j j ε
(J,K)
jk , R(J,K)

l+n,k+n = R(J,K)
l+n,l+nε

(J,K)
l+n,k+n,

R(J,K)
jl+n = R(J,K)

j j ε
(J,K)
j,k+n, R(J,K)

k+n, j = R(J,K)
j j ε

(J,K)
k+n, j . (12)

Inequalities (10) and (11) imply that

Pr{|R j j |I{Q} > C} ≤ Pr
{
|ε j |I{Q} >

1

4

}
(13)

for 1 ≤ j ≤ n and C > 4√
y , and

Pr{|Rl+n,l+n|I{Q} > C} ≤ Pr
{
|εl+n|I{Q} >

1

4

}
(14)
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for 1 ≤ l ≤ m and C > 2(2 + 3
√
y + 2√

y ). Relations (12) give

Pr{|R jk |I{Q} > C} ≤ Pr{|R j j |I{Q} > C} + Pr{|ε jk |I{Q} > 1}

for 1 ≤ j �= k ≤ n, and

Pr{|Rl+n,k+n|I{Q} > C} ≤ Pr{|Rl+n,l+n|I{Q} > C} + Pr{|εl+n,k+n|I{Q} > 1}

for 1 ≤ l �= k ≤ m. Similarly we obtain

Pr{|Rl,k+n|I{Q} > C} ≤ Pr{|Rl,l |I{Q} > C} + Pr{|εl,k+n|I{Q} > 1}

and

Pr{|Rl+n,k |I{Q} > C} ≤ Pr{|Rk,k |I{Q} > C} + Pr{|εl+n,k |I{Q} > 1}.

By Rosenthal’s inequality (see [11], Lemma 8.1) we find that

E j |ε jk |q ≤ Cq
(
q

q
2 (nv)−

q
2 (Im R( j)

kk )
q
2 + qq(np)−qκ−1 1

n

m∑

l=1

|R( j)
k,l+n|q

)

for 1 ≤ j �= k ≤ n, and

E j+n |ε j+n,k+n|q ≤ Cq
(
q

q
2 (nv)−

q
2 (Im R( j+n)

k+n,k+n)
q
2

+ qq(np)−qκ−1 1

n

n∑

r=1

|R( j+n)

k+n,r |q
)
,

E j |ε j,k+n|q ≤ Cq
(
q

q
2 (nv)−

q
2 (Im R( j+n)

k+n,k+n)
q
2

+ qq(np)−qκ−1 1

n

n∑

r=1

|R( j+n)

k+n,r+n|q
)
,

E j+n |ε j+n,k+n|q ≤ Cq
(
q

q
2 (nv)−

q
2 (Im R( j+n)

k+n,k+n)
q
2

+ qq(np)−qκ−1 1

n

n∑

r=1

|R( j+n)

k+n,r |q
)

for 1 ≤ j �= k ≤ m. Note that
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Pr{|ε(J,K)
j | >

1

4
;Q} ≤ Pr{A(4)(sv, J, K)

c;Q}

+ Pr{|ε(J,K)
j | >

1

4
;A(4)(sv, J, K);Q},

Pr{|ε(J,K)
j+n | >

1

4
;Q} ≤ Pr{A(1)(sv, J, K)

c;Q}
+ Pr{|ε(J,K)

j+n | > 1/4;A(1)(sv, J, K);Q},
Pr{|ε(J,K)

jk | > 1;Q} ≤ Pr{A(2)(sv, J, K)
c;Q}

+ Pr{|ε(J,K)
jk | > 1;A(2)(sv, J, K);Q},

Pr{|ε(J,K)
l+n,k+n| > 1;Q} ≤ Pr{A(3)(sv, J, K)

c;Q}
+ Pr{|ε(J,K)

l+n,k+n| > 1;A(3)(sv, J, K);Q},
Pr{|ε(J,K)

j+n,k | > 1;Q} ≤ Pr{A(4)(sv, J, K)
c;Q}

+ Pr{|ε(J,K)
j+n,k | > 1;A(4)(sv, J, K);Q},

Pr{|ε(J,K)
k, j+n(v)| > 1;Q} ≤ Pr{A(4)(sv, J, K)

c;Q}
+ Pr{|ε(J,K)

k,l+n(v)| > 1;A(4)(sv, J, K);Q}.

Using Chebyshev’s inequality we get

Pr{|ε(J,K)
j | > 1/4;Q;A(4)} ≤ Cq

E
(
E j |ε j |q

)
I{Q(J,K)}I{A(4)}.

Applying the triangle inequality, the results of Lemmas 5–8, the property of the
multiplicative gradient descent of the resolvent, we arrive at the inequality

E j I{A(4)(sv, J, K)}|ε j |q ≤ Cq

[
1

(nv)q
+
(
qs

np

) q
2

+ 1

np

(
qs

(np)2κ

)q

+
(
q2

nv

) q
2

+ 1

np

(
qs

(np)2κ

) q
2
(
q2

nv

) q
2

+
(

q2s

(np)2κ

)q 1

(np)2

]
.

If we set q ∼ log2 n, nv > C log4 n, np > C log
2
κ n, we get

E j |ε j |q I{A(4)(sv, J ∪ { j}, K)} ≤ Cn−c log n.

Moreover, the constant c can be made arbitrarily large. We may obtain similar esti-
mates for the quantities εl+n , ε jk , ε j+n,k , ε j,k+n , ε j+n,k+n . Inequalities (13), (14)
imply
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Pr{|R(J,K)
j j | I{Q} > C} ≤ Pr{A(4)(sv, J ∪ { j}, K)

c} + Cn−c log n,

Pr{|R(J,K)
l+n,l+n| I{Q} > C} ≤ Pr{A(1)(sv, J, K ∪ {l})c} + Cn−c log n,

Pr{|R(J,K)
jk | I{Q} > C} ≤ Pr{A(2)(sv, J, K ∪ {l})c} + Cn−c log n,

Pr{|R j+n,k | I{Q} > C} ≤ Pr{A(4)(sv, J, K ∪ { j})c} + Cn−c log n,

Pr{|Rk+n, j | I{Q} > C} ≤ Pr{A(4)(sv, J, K ∪ { j})c} + Cn−c log n,

Pr{|Rk+n, j+n| I{Q} > C} ≤ Pr{A(3)(sv, J, K ∪ { j})c} + Cn−c log n.

The last inequalities give

max
j,k∈Jc∪Kc

Pr{|R(J,K)
j,k | I{Q} > C} ≤ Cn−c log n

+ max
j∈Jc,k∈Kc

max{Pr{Ac(s0v, J ∪ { j}, K)},Pr{Ac(s0v, J, K ∪ {k})}}.

Note that kv ≤ C log n for v ≥ v0 = n−1 log4 n. So, choosing c large enough, we get

Pr{Ac(v) ∩ Q} ≤ Cn−c log n.

This completes the proof of the theorem. �

Corollary 5 Under the conditions of Theorem 3, for any v ≥ v0 and q ≤ c log n
there exists a constant H such that

E |R jk |q I{Q} ≤ Hq ,

for j, k ∈ T ∪ (T(1) + n).

Proof We may write

E |R jk |q I{Q} ≤ E |R jk |q I{Q} I{A(v)} + E |R jk |q I{Q} I{Ac(v)}.

Combine this inequality with |R jk | ≤ v−1, we find that

E |R jk |q I{Q} ≤ Cq + v−q
0 E I{Q} I{Ac(v)}.

Applying Theorem 3, we obtain what is required. �
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5.2 Estimation of Tn

Recall that

a := an(z) = Im b(z) + log(n) log(np)

np|b(z)| .

Consider the smoothing of the indicator hγ (x):

hγ (x, v) =

⎧
⎪⎨

⎪⎩

1, for |x | ≤ γ a,

1 − ||x |−γ a|
γ a , for γ a ≤ |x | ≤ 2γ a,

0, for |x | > 2γ a.

Note that
IQ̂γ (v) ≤ hγ (|�n(u + iv)|, v) ≤ IQ̂2γ (v),

where, as before,

Q̂γ (v) =
kv⋂

ν=0

{|�n(u + isν
0v)| ≤ γ an(u, sν

0 v)}.

We will estimate the value

Dn := E |Tn|qhqγ (|�n|, v).

It is easy to see that
E |Tn|qI{Q} ≤ Dn.

To estimate Dn we use the approach developed in [13–16] that goes back to Stein’s
method. Let

ϕ(z) := z|z|q−2.

Set
T̂n := Tnhγ (|�n|, v).

Then we can write
Dn := E T̂nϕ(T̂n).

The equality

Tn = 1 +
(
z − 1 − y

z

)
sn(z) + ys2n (z) = b(z)�n(z) + y�2

n(z)
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implies that for z ∈ Dε

|Tn| I{Q} ≤ C.

Consider
B := A(1) ∩ A(2) ∩ A(3) ∩ A(4),

where A(ν) were defined in (6) and (7). Then

Dn ≤ E |Tn|q I{Q} I{B} + Cn−c log n.

By the definition of Tn , we may rewrite the last inequality as

Dn := 1

n

n∑

j=1

E ε j R j j hγ (|�n|, v)ϕ(T̂n) I{B} + Cn−c log n.

Set
Dn = D(1)

n + D(2)
n + Cn−c log n, (15)

where

D(1)
n := 1

n

n∑

j=1

E ε j1R j j hγ (|�n|, v)ϕ(T̂n) I{B},

D(2)
n := 1

n

n∑

j=1

E ε̂ j R j j hγ (|�n|, v)ϕ(T̂n) I{B},

ε̂ j := ε j2 + ε j3.

We have
1

n

n∑

j=1

ε j1R j j = 1

2n
s ′
n(z) + sn(z)

2nz

and this yields
∣∣∣
1

n

n∑

j=1

ε j1R j j

∣∣∣ ≤ C

nv
Im sn(z) + C

n
.

Using Hölder’s inequality, we get

|D(1)
n | ≤ Can(z)

nv
D

q−1
q

n . (16)
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Further, consider

T̂ ( j)
n = E j T̂n, T ( j)

n = E j Tn, �( j)
n = E j �n.

Represent D(2)
n in the form

D(2)
n = D(21)

n + · · · + D(24)
n , (17)

where

D(21)
n := Sy(z)

n

n∑

j=1

E ε̂ j hγ (|�( j)
n |, v)ϕ(T̂ ( j)

n ) I{B},

D(22)
n := 1

n

n∑

j=1

E ε̂ j (R j j − Sy(z))hγ (|�( j)
n |, v)ϕ(T̂ ( j)

n ) I{B},

D(23)
n := 1

n

n∑

j=1

E ε̂ j R j j (hγ (|�n|, v) − hγ (|�( j)
n |, v))ϕ(T̂ ( j)

n ) I{B},

D(24)
n := 1

n

n∑

j=1

E ε̂ j R j j hγ (|�n|, v)(ϕ(T̂n) − ϕ(T̂ ( j)
n )) I{B}.

Since E j ε̂ j = 0, we find

D(21)
n = Sy(z)

n

n∑

j=1

E ε̂ j hγ (|�( j)
n |, v)ϕ(T̂ ( j)

n ) I{Bc}.

From here it is easy to obtain that

|D(21)
n | ≤ Cn−c log n. (18)

Note that Eq. (4) implies

�n = Tn
bn(z)

,

where

bn(z) = z − 1 − y

z
+ ySy(z) + ysn(z).

The last can also be rewritten as

bn(z) = z − 1 − y

z
+ 2ySy(z) + y�n(z) = b(z) + y�n(z).
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5.2.1 Estimation of D(22)
n

Using the representation of R j j , we may write

D(22)
n = D̃(22)

n + D̂(22)
n ,

where

D̃(22)
n := Sy(z)

n

n∑

j=1

E ε̂2j R j j hγ (|�( j)
n |, v)ϕ(T̂ ( j)

n ) I{B},

D̂(22)
n := ySy(z)

n

n∑

j=1

E ε̂ j�n R j j hγ (|�( j)
n |, v)ϕ(T̂ ( j)

n ) I{B}.

By Hölder’s inequality,

|D̂(22)
n | ≤ C

n

n∑

j=1

E
1
q

[
E j |̂ε j ||�n||R j j |hγ (|�( j)

n |, v) I{B}
]q
D

q−1
q

n . (19)

Further,

E j
[|̂ε j ||�n||R j j |hγ (|�( j)

n |, v) I{B}] ≤ C E j
[|̂ε j ||�n|hγ (|�( j)

n |, v) I{B}] .

It is obvious that

E j
[|̂ε j ||�n|hγ (|�( j)

n |, v) I{B}]

≤ E j
[|̂ε j ||�n|hγ (|�( j)

n |, v) I{B}] I{|b(z)| ≤ √|Tn|}
+ E j

[|̂ε j ||�n|hγ (|�( j)
n |, v) I{B}] I{|b(z)| >

√|Tn|}.

We have

|�n|hγ (|�( j)
n |, v) I{B} ≤ |�n|hγ (|�n|, v) I{B}

+ |�n||hγ (|�( j)
n |, v) − hγ (|�( j)

n |, v)| I{B}.

Since we have |an| ≤ |b(z)| for z ∈ Dε in the last inequality, we can write

|bn(z)|h(|�( j)
n |, v) ≥

(
|b(z)| − γ an(z) − 1

nv

)
≥ c|b(z)|

and therefore

|�n| ≤ C |Tn|
|b(z)| .
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From here get

|�n|hγ (|�n|, v) I{B}I{√|Tn| ≤ |b(z)|} ≤ C
√|Tn|h(�n|, v).

Further, we note that if
√|Tn| ≥ |b(z)|, then

|�n|hγ (|�n|, v) ≤ γ an(z)hγ (|�n|, v) ≤ C |b(z)|hγ (|�n|, v)
≤ C

√|Tn|hγ (|�n|, v).

Using this we conclude that

E j
[|̂ε j ||�n|hγ (|�( j)

n |, v) I{B}] ≤ E

1
2
j |̂ε j |2I{|�( j)

n | ≤ Can(z)}I{B} E

1
2
j |T̂n|

+ C

an(z)
E

1
2
j |̂ε j |2I{|�( j)

n | ≤ Can(z)}I{B}

× E

1
2
j |�n|2|�n − �( j)

n |2I
{
max{|�n|, |�( j)

n |} ≤ C
(
an(z) + 1

nv

)}
.

Applying Lemmas 7 and 8, we obtain

E j
[|̂ε j ||�n|hγ (|�( j)

n |, v) I{B}] ≤ C
( (an(z))

1
2

(nv)
1
2

+ 1

(np)
1
2

)(
E

1
2
j |T̂n| + an(z) + 1

nv

nvan(z)

)
.

Using that an(z) ≥ C/nv (see Lemma 3), we get

E j
[|̂ε j ||�n|hγ (|�( j)

n |, v) I{B}] ≤ C
( (an(z))

1
2

(nv)
1
2

+ 1

(np)
1
2

)(
E

1
2
j |T̂n| + 1

nv

)
. (20)

Combining inequalities (19), (20), and 1
nv ≤ C

√
an(z)
nv , we get

|D(22)
n | ≤ C(βnD

q−1
q

n +√βnD
2q−1
2q

n ). (21)

5.2.2 Estimation of D(23)
n

Note that

|hγ (|�n|, v) − |hγ (|�( j)
n |, v)||R j j | I{B}

≤ C

an(z)
|�n − �( j)

n | I{max{|�n|, |�( j)
n |} ≤ 2γ an(z)} I{B}.

Using Hölder’s inequality and Cauchy’s inequality, we get
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D(23)
n ≤ C

nan(z)

n∑

j=1

E
1
q
{[E j |̂ε j |2I{Q}I(B)] q

2 [E j |�n − �( j)
n |2I{Q}I(B)] q

2
}
D

q−1
q

n .

Applying Lemmas 7, 8, 10, obtain

D(23)
n ≤ Ca−1

n (z)
( C√

np
+

√
an(z)√
nv

)Ca
1
2
n (z)√
nv

[an(z)
nv

+ Ca
1
2
n (z)

(nv)
1
2 (np)

1
2

+ C

(nv)
1
2 (np)

1
2

+ n−c log n
]
D

q−1
q

n .

Taking into account that Im b(z) ≥ C
nv (an(z)nv ≥ C), the last gives the bound

D(23)
n ≤C

(an(z)
nv

+ C

np

)
D

q−1
q

n = βnD
q−1
q

n .

5.2.3 Estimation of D(24)
n

By Taylor’s theorem, we have

D(24)
n = 1

n

n∑

j=1

E ε̂ j R j j hγ (|�n|, v)(T̂n − T̂ ( j)
n )ϕ′(T̂ ( j)

n + τ(T̂n − T̂ ( j)
n )) I{B},

where τ is uniform distributed on the interval [0, 1] random variables independent
on all other. Since I{B} = 1 yields |R j j | ≤ C , we find that

|D(24)
n | ≤ C

n

n∑

j=1

E |̂ε j |hγ (|�n|, v)|T̂n − T̂ ( j)
n ||ϕ′(T̂ ( j)

n + τ(T̂n − T̂ ( j)
n ))| I{B}.

Taking into account the inequality

|ϕ′(T̂ ( j)
n + τ(T̂n − T̂ ( j)

n ))| ≤ Cq
[|T̂ ( j)

n |q−2 + qq−2|T̂n − T̂ ( j)
n |q−2

]
,

obtain

|D(24)
n | ≤ Cq

n

n∑

j=1

E |̂ε j |hγ (|�n|, v)|T̂n − T̂ ( j)
n ||T̂ ( j)

n |q−2
I{B}

+ Cqq−1

n

n∑

j=1

E |̂ε j |hγ (|�n|, v)|T̂n − T̂ ( j)
n |q−1

I{B} =: D̂(24)
n + D̃(24)

n .
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Applying Hölder’s inequality, get

D̂(24)
n ≤ Cq

n

n∑

j=1

E
2
q
[
E j {|̂ε j |hγ (|�n|, v)|T̂n − T̂ ( j)

n | I{B}}]
q
2

E
q−2
q |T̂ ( j)

n |q .

Jensen’s inequality gives

D̂(24)
n ≤ Cq

n

n∑

j=1

E
2
q
[
E j {|̂ε j |hγ (|�n|, v)|T̂n − T̂ ( j)

n | I{B}}]
q
2 D

q−2
q

n .

To estimate D̂(24)
n we have to get bound for

V
q
2
j := E

[
E j
{|̂ε j |hγ (|�n|, v)|T̂n − T̂ ( j)

n | I{B}}] q2 .

By Cauchy’s inequality, we have

V
q
2
j ≤ E(V (1)

j )
q
4 (V (2)

j )
q
4 , (22)

where

V (1)
j := E j |̂ε j |2 I{Q̂2γ (v)} I{B}, V (2)

j := E j |T̂n − T̂ ( j)
n |2h2γ (|�n|, v) I{B}.

Estimation of V (1)
j

Lemma 7 gives

E j |ε j2|2 I{Q̂2γ (v)} I{B} ≤ C

np
,

and Lemma 8, in its turn, gives

E j |ε j3|2 I{Q̂2γ (v)} I{B} ≤ C

nv
an(z).

Summing up the obtained estimates, we arrive at the following inequality

V (1)
j ≤ Can(z)

nv
+ C

np
=: βn(z). (23)

Estimation of V (2)
j

To estimate V (2)
j we consider T̂n − T̂ ( j)

n . Since T̂n = Tnhγ (|�n|, v) and T̂ ( j)
n = E j T̂n ,

we have
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T̂n − T̂ ( j)
n = (Tn − T ( j)

n )hγ (|�n |, v) − E j

[
(Tn − T ( j)

n )hγ (|�n |, v)
]

+ T ( j)
n

(
[hγ (|�n |, v) − hγ (|�( j)

n |, v)] − E j

[
hγ (|�n |, v) − hγ (|�( j)

n |, v)
] )

.

Further, we note that
Tn = �nbn = �nb(z) + y�2

n .

Then

Tn − T ( j)
n = (�n − �( j)

n )(b(z) + 2y�( j)
n ) + y(�n − �( j)

n )2 − y E j (�n − �( j)
n )2.

(24)
We get

T̂n − T̂ ( j)
n = (b(z) + 2y�( j)

n )
[
(�n − �

( j)
n )hγ (|�n |, v) − E j (�n − �

( j)
n )hγ (|�n |, v)

]

+ y
[
(�n − �

( j)
n )2 − E j (�n − �

( j)
n )2

]
hγ (|�n |, v)

− y E j

[
(�n − �

( j)
n )2

(
hγ (|�n |, v) − E j hγ (|�n |, v)

]

− T ( j)
n E j

[
hγ (|�n |, v) − hγ (|�( j)

n |, v)
]
. (25)

Now return to estimation of V (2)
j . Equality (25) implies

V (2)
j ≤ 4|b(z)|2 E j |�n − �( j)

n |2h4γ (|�n|, v) I{B}
+ 4|b(z)|2 [E j (�n − �( j)

n )hγ (|�n|, v)
]2

E j h
2
γ (|�n|, v) I{B}

+ 8y2 E j |�( j)
n |2|�n − �( j)

n |2h4γ (|�n|, v) I{B}
+ 8y2

[
E j (�n − �( j)

n )hγ (|�n|, v)
]2

E j |�( j)
n |2h2γ (|�n|, v) I{B}

+ 2y2
[

E j |�n − �( j)
n |4h4γ (|�n|, v)

]
I{B}

+ 2y2
[
E j (�n − �( j)

n )2hγ (|�n|, v)
]2

E j h
2
γ (|�n|, v) I{B}

+ y2
[
E j (�n − �( j)

n )2hγ (|�n|, v)
]2

E j h
2
γ (|�n|, v) I{B}

+ y2
[
E j (�n − �( j)

n )2
]2 [

E j hγ (|�n|, v)
]2

E j h
2
γ (|�n|, v) I{B}

+ |T ( j)
n |2 E j

[
hγ (|�n|, v) − hγ (|�( j)

n |, v)]2 h2γ (|�n|, v) I{B}
+ |T ( j)

n |2 [E j
(
hγ (|�n|, v) − hγ (|�( j)

n |, v))]2 E j h
2
γ (|�n|, v) I{B}.

We can rewrite it as
V (2)
j ≤ A1 + A2 + A3 + A4,
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A1 = C |b(z)|2 E j |�n − �
( j)
n |2h2γ (|�n |, v)

(
h2γ (|�n |, v) + E j h

2
γ (|�n |, v)

)
I{B},

A2 = C E j |�n − �
( j)
n |2h2γ (|�n |, v)

(|�( j)
n |2h2γ (|�n |, v) + E j |�( j)

n |2h2γ (|�n |, v)
)
I{B},

A3 = C E j |�n − �
( j)
n |4h2γ (|�n |, v)

(
h2γ (|�n |, v) + E j h

2
γ (|�n |, v)

)
I{B},

A4 = C |T ( j)
n |2 E j

∣∣hγ (|�n |, v) − hγ (|�( j)
n |, v)∣∣2(h2γ (|�n |, v) + E j h

2
γ (|�n |, v)

)
I{B}.

Applying hγ (|�n|, v) ≤ 1 and Lemma 10, we find that

A1 ≤ C |b(z)|2 an(z)
nv

(
a2n(z)

(nv)2
+ an(z)

(np)(nv)
+ 1

np(nv)
+ 1

(nv)2

)

and

A2 ≤ C
a3n(z)

nv

(
a2n(z)

(nv)2
+ an(z)

(np)(nv)
+ 1

np(nv)
+ 1

(nv)2

)
.

Note that

A3 ≤ C

n2v2
E j |�n − �( j)

n |2h2γ (|�n|, v).

Combining Lemma 10 and an(z) ≥ 1
nv , get

A3 ≤ Can(z)

(nv)3

(
a2n(z)

(nv)2
+ an(z)

(np)(nv)
+ 1

np(nv)
+ 1

(nv)2

)
.

Applying the triangle inequality, we obtain

A4 = C E j
∣∣hγ (|�n |, v) − hγ (|�( j)

n |, v)∣∣2(|T ( j)
n |2h2γ (|�n |, v) + E j |T ( j)

n |2h2γ (|�n |, v)
)

≤ C E j
∣∣hγ (|�n |, v) − hγ (|�( j)

n |, v)∣∣2(E j |T̂n |2 + E j |Tn − T ( j)
n |2h2γ (|�n |, v)

)

+ C E j
∣∣hγ (|�n |, v) − hγ (|�( j)

n |, v)∣∣2(|T̂n |2 + |Tn − T ( j)
n |2h2γ (|�n |, v)

)
.

Further, since

∣∣hγ (|�n|, v) − hγ (|�( j)
n |, v)∣∣ ≤ C

γ an(z)
|�n − �( j)

n |
× I{min{|�n|, |�( j)

n |} ≤ 2γ an(z)}, (26)

we may write
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A4 ≤ C

a2n(z)
E j (|T̂n|2| + E j |T̂n|2)|�n − �( j)

n |2I{min{|�n|, |�( j)
n |} ≤ Can(z)}

+ C

a2n(z)
E j |�n − �( j)

n |2I{min{|�n|, |�( j)
n |} ≤ 2γ an(z)}

× (h2γ (|�n|, v)|Tn − T ( j)
n |2 + E j |Tn − T ( j)

n |2h2γ (|�n|, v)).

By representation (24),

|Tn − T ( j)
n |2h2γ (|�n|, v) ≤ (|b(z)|2 + a2n(z))|�n − �( j)

n |2h2γ (|�n|, v).

Given that |Tn| ≤ C |�n||bn(z)|, arrive at the inequality

A4 ≤ C
(
|b(z)|2 + a2n(z)

)
E j |�n − �( j)

n |2I{min{|�n|, |�( j)
n |} ≤ Can(z)}.

Applying Lemma 10, obtain

A4 ≤ C
(
|b(z)|2 + a2n(z)

)Can(z)

nv

(
a2n(z)

(nv)2
+ an(z)

(np)(nv)
+ 1

np(nv)
+ C

(nv)2

)
.

Combining the estimates obtained for A1, . . . , A4 we conclude that

V (2)
j ≤C

(
|b(z)|2 + a2n(z)

)Can(z)

nv

(
a2n(z)

(nv)2
+ an(z)

(np)(nv)
+ 1

np(nv)
+ C

(nv)2

)
.

(27)

Inequalities (22), (23) and (27) imply the bound

V
q
2
j ≤Cqβ

q
4
n (z)

×
(
|b(z)|2 + a2n(z)

) q
4
(an(z)

nv

(a2n(z)
(nv)2

+ an(z)

(np)(nv)
+ 1

np(nv)
+ C

(nv)2

)) q
4
.

(28)

Note that

D̂(24)
n ≤ Cq

(1
n

n∑

j=1

Vj

)
D

q−2
q

n .

Then inequality (28) yields

D̂(24)
n ≤ Cqβ

1
2
n (z)

[(
|b(z)|2 + a2n(z)

) 1
2
(an(z)

nv

(a2n(z)
(nv)2

+ an(z)

(np)(nv)
+ 1

np(nv)
+ C

(nv)2

)) 1
2

]
D

q−2
q

n .



Rate of Convergence for Sparse Sample Covariance Matrices 289

Using that |b(z)| ≤ Can(z) (see Lemma 4) we may rewrite it as

D̂(24)
n ≤ Cqβ2

n D
q−2
q

n . (29)

5.2.4 Estimation of ˜D(24)
n

Recall that

D̃(24)
n = Cqqq−1

n

n∑

j=1

E |̂ε j ||T̂n − T̂ ( j)
n |q−1hγ (|�n|, v) I{B}.

Using (25) and (24), we get

|T̂n − T̂ ( j)
n | ≤ C

nv
(an(z) + |b(z)|) + C

n2v2
+ |T ( j)

n ||h(|�n|, v) − h(|�( j)
n |, v)|.

Further, (26) gives

|T̂n − T̂ ( j)
n | ≤ C

nv
(an(z) + |b(z)|) + C

n2v2

+ C

an(z)
|T ( j)

n ||�n − �( j)
n |I{|�n| ≤ Can(z)}.

Applying the triangle inequality, obtain

|T̂n − T̂ ( j)
n | ≤ C

nv
(an(z) + |b(z)|) + C

n2v2

+ C

an(z)
|Tn||�n − �( j)

n |I{max{|�n|, |�( j)
n |} ≤ Can(z)}

+ C

an(z)
|Tn − T ( j)

n ||�n − �( j)
n |I{min{|�n|, |�( j)

n |} ≤ Can(z)}.

Inequality (24), the relations |Tn| ≤ C |�n||b(z)| and 1
nv ≤ Can(z) imply

|T̂n − T̂ ( j)
n | ≤ C

nv
(an(z) + |b(z)|).

The last gives

D̃(24)
n ≤Cqqq−1aq−2

n (z)

(nv)q−2

1

n

n∑

j=1

E |̂ε j ||T̂n − T̂ ( j)
n |hγ (|�n|, v) I{B}.
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Taking into account

E |̂ε j ||T̂n − T̂ ( j)
n |hγ (|�n|, v) I{B} ≤ E(V (1)

j V (2)
j )

1
2

and inequalities (23), (27), we get

D̃(24)
n ≤ Cqqq−1aq−1

n (z)

(nv)q−2
β

1
2
n

(an(z)
nv

×
(a2n(z)
(nv)2

+ an(z)

(np)(nv)
+ 1

np(nv)
+ C

(nv)2

)) 1
2
.

We rewrite it as
D̃(24)

n ≤ Cqqq−1βq
n

√
nv. (30)

Combining relations (15), (16), (17), (18), (21), (29), (30), we find that

Dn ≤Cn−c log n + CβnD
q−1
q

n + Cβ
1
2
n D

2q−1
2q

n + Cβ2
nqD

q−2
q

n + Cqqq−1βq
n

√
nv.

Applying Young’s inequality, we conclude that

Dn ≤Cqq
q
2 (1 + √

nvqq/2)βq
n .

6 Appendix

Lemma 3 For any z ∈ Dε we have

|b(z)| ≤ √
2 Im b(z).

Proof Note that

b(z) = 1

2y

√
(
z − a2

z

)(
z − b2

z

)
.

It is enough to prove that

Re
{(

z − a2

z

)(
z − b2

z

)}
≤ 0. (31)

We have

Re
{(

z − a2

z

)(
z − b2

z

)}
= (u2 − v2)

(
1 + (1 − y)2

|z|4
)

− 2(1 + y).
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It may be rewritten as

Re
{(

z − a2

z

)(
z − b2

z

)}
= |z|2

(
1 + (1 − y)2

|z|4
)

− 2(1 + y) − 2v2
(
1 + (1 − y)2

|z|4
)
.

It is straightforward to check that for 1 − √
y ≤ |z| ≤ 1 + √

y

|z|2
(
1 + (1 − y)2

|z|4
)

− 2(1 + y) ≤ 0.

This implies that for 1 − √
y ≤ |z| ≤ 1 + √

y inequality (31) holds. Since 1 − √
y ≤

|z| for all z ∈ Dε, to prove (31) for z ∈ Dε is enough to consider |z| ≥ 1 + √
y. For

this case we have

Re
{(

z − a2

z

)(
z − b2

z

)}
≤ u2 − v2 + (1 − √

y)2 − 2(1 + y) ≤ u2 − (1 + √
y)2 ≤ 0.

Thus Lemma is proved. �

Lemma 4 For 1 − √
y ≤ |u| ≤ 1 + √

y the inequality

|b(z)| ≤ Can(z)

holds.

Proof Note that

b(z) = z − 1 − y

z
+ 2ySy(z) =

√(
z − 1 − y

z

)2 − 4y

and

an(z) = Im
{√(

z − 1 − y

z

)2 − 4y
}

+ 1

nv
+ 1

np
.

It is easy to show that for 1 − √
y ≤ |u| ≤ 1 + √

y

Re
{(

z − 1 − y

z

)2 − 4y
}

≤ 0.

Indeed,

Re
{(

z − 1 − y

z

)2 − 4y
}

≤ u2 + (1 − y)2

u2
− 2(1 + y).

The last expression is not positive for 1 − √
y ≤ |u| ≤ 1 + √

y. From the negativity
of the real part it follows that
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Im
{√(

z − 1 − y

z

)2 − 4y
}

≥ 1√
2

∣∣∣
√(

z − 1 − y

z

)2 − 4y
∣∣∣

This implies the required. The Lemma is proved. �
Lemma 5 Under the conditions of Theorem 3, for j ∈ J

c and l ∈ K
c we have

max
{|ε(J,K)

j1 |, |ε(J,K)
l+n,1|

} ≤ C

nv
.

Proof For simplicity, we consider only the case J = ∅ and K = ∅. Note that

ε j1 = 1

2m

((
TrR − m − n

z

)
−
(
TrR( j) − m − n − 1

|z|
))

= 1

2m

(
TrR − TrR( j)

)− 1

2mz
.

Applying Schur’s formula, we get

|ε j1| ≤ 1

nv
.

The second inequality is proved similarly. �
Lemma 6 For any z ∈ Dε

lim
n→∞(nvb(z)) = ∞.

Proof First we note that

b(z) = 1

z

√
(z − a)(z + a)(z − b)(z + b).

It is straightforward to check that, for z ∈ Dε

|b(z)| ≥ C
√
min{|1 − √

y − z|, |1 − √
y + z|, |1 + √

y − z||1 + √
y + z|} ≥ C

√
β + v.

Further,
nv|b(z)| ≥ C(nv0/

√
β)
√

β + v0 ≥ nv0 → ∞.

Thus Lemma is proved. �
Lemma 7 Under the conditions of Theorem 3, for all j ∈ J

c the inequalities

E j |ε(J,K)
j2 |2 ≤ μ4

np

1

n

m∑

l=1

∣∣R(J∪{ j},K)

l+n,l+n

∣∣2

and
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El+n |ε(J,K)
l+n,2|2 ≤ μ4

np

1

n

n∑

j=1

∣∣R(J,K∪{l})
j j

∣∣q .

are valid. In addition for q > 2 we have

E j |ε(J,K)
j2 |q ≤ Cq

( q
q
2

(np)
q
2

+ qq

(np)2qκ+1

)1
n

m∑

l=1

∣∣R(J∪{ j},K)

l+n,l+n

∣∣q

and

El+n |ε(J,K)
l+n,2|q ≤ Cq

( q
q
2

(np)
q
2

+ qq

(np)2qκ+1

)1
n

n∑

j=1

∣∣R(J,K∪{l})
j j

∣∣q

for l ∈ K
c.

Proof For simplicity, consider the case J = ∅ andK = ∅. The first two inequalities
are obvious. We consider only q > 2. Applying Rosenthal’s inequality (see [11],
Lemma 8.1), obtain for any q > 2

E j |ε j2|q = 1

(mp)q
E j

∣∣∣
m∑

l=1

(X2
jlξ jl − p)R( j)

l+n,l+n

∣∣∣
q

≤ Cq

(mp)q

[
q

q
2

( m∑

l=1

E j |X2
jlξ jl − p|2|R( j)

l+n,l+n|2
) q

2

+ qq
m∑

l=1

E j |X2
jlξ jl − p|q |R( j)

l+n,l+n|q
]

≤ Cq

(mp)
q
2

[
(qμ4)

q
2

( 1
m

m∑

l=1

|R( j)
l+n,l+n|2

) q
2 + qq

(mp)
q
2

μ̃2q

m∑

l=1

|R( j)
l+n,l+n|q

]

≤ Cq
[ (qμ4)

q
2

(mp)
q
2

+ mqq

(mp)q
μ̃2q

] 1
m

m∑

l=1

|R( j)
l+n,l+n|q . (32)

Recall that
μ̃r = E |X jkξ jk |r

and by the conditions of the Theorem

μ̃2q ≤ Cq p(np)q−2qκ−2μ4+δ.

Substituting the last inequality in (32), we get
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E j |ε j2|q ≤ Cq
[ q

q
2

(mp)
q
2

+ qq

(mp)2qκ+1

] 1
m

m∑

l=1

|R( j)
l+n,l+n|q .

The second inequality can be proved similarly. �

Lemma 8 Under the conditions of Theorem 3 for all j ∈ TJ, l ∈ T
1
K

E j |ε(J,K)
j3 |2 ≤ C Im s(J∪{ j},K)

n

nv
, El+n |ε(J,K)

l+n,3|2 ≤ C Im s(J,K∪{l})
n

nv

are valid. In addition for q > 2 we have

E j |ε(J,K)
j3 |q ≤ Cq

(
qq(nv)−

q
2

(C Im s(J∪{ j},K)
n

nv

) q
2

+ q
3q
2 (nv)−

q
2 (np)−qκ−1 1

n

m∑

l=1

(
Im R(J∪{ j},K)

l+n,l+n

) q
2

+ q2q(np)−2qκ
1

n2

m∑

l=1

m∑

k=1

∣∣∣R(J∪{ j},K)

l+n,k+n

∣∣∣
q
)

,

El+n |ε(J,K)
l+n,3|q ≤ Cq

(
qq(nv)−

q
2

(C Im s(J∪{ j},K)
n

nv

) q
2

+ q
3q
2 (nv)−

q
2 (np)−qκ−1 1

n

m∑

j=1

(
Im R(J,K∪{l+n})

j j

)q

+ q2q(np)−2qκn−2
n∑

j=1

n∑

k=1

∣∣∣R(J,K∪{l+n})
k j

∣∣∣
q
)

.

Proof It suffices to apply the inequality from Corollary 1 of [17]. �

Lemma 9 Under the conditions of the theorem , the bound

E j |R j j − E j R j j |2 I{Q} I{B} ≤ C
(an(z)

nv
+ A2

0(z)

np

)
+ Cn−c log n

is valid.

Proof Consider the equality

R j j = − 1

z − 1−y
z + ys( j)

n (z)

(
1 + ε̂ j R j j

)
.
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It implies

R j j − E j R j j = − 1

z − 1−y
z + ys( j)

n (z)

(
ε̂ j R j j − E j ε̂ j R j j

)
.

It is well-known that

ySy(z) + z − 1 − y

z
= 1

Sy(z)
.

Consequently, ∣∣∣ySy(z) + z − 1 − y

z

∣∣∣ ≥ √
y.

Further, note that for a sufficiently small γ there is a constant H such that

∣∣∣∣∣
1

z − 1−y
z + ys( j)

n (z)

∣∣∣∣∣ I{Q} ≤ H I{Q}.

Hence,

E j |R j j − E j R j j |2 I{Q} I{B} ≤ H 2
(

E j |̂ε j |2|R j j |2 I{Q} I{B}
+ E j I{Q} I{B} E j |̂ε j |2|R j j |2

)
.

It is easy to see that

E j |̂ε j |2|R j j |2 I{Q} I{B} ≤ C E j |̂ε j |2 I{Q} I{B} ≤ C
( 1

nv
an(z) + C

np

)
.

Introduce events

Q( j) =
{
|�( j)

n | ≤ 2γ an(z) + 1

nv

}
.

It is obvious that
I{Q} ≤ I{Q} I{Q( j)}.

Consequently,

E j I{Q} I{B} E j |̂ε j |2|R j j |2 ≤ E j I{Q} I{B} E j |̂ε j |2|R j j |2 I{Q( j)}.

Further, consider Q̃ = {|�n| ≤ 2γ an(z)}. We have

I{Q( j)} ≤ I{Q̃}.
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Then it follows that

E j I{Q} I{B} E j |̂ε j |2|R j j |2 ≤ E j I{Q} I{B} E j |̂ε j |2|R j j |2 I{Q̃}.

Next, the inequality

E j |̂ε j |2|R j j |2 I{Q̃} ≤ E j |̂ε j |2|R j j |2 I{Q̃}I{B̃} + E j |̂ε j |2|R j j |2 I{Q̃}I{B̃c} (33)

holds. By the conditions C0 and the inequality |R j j | ≤ v−1
0 , we obtain the bound

E j |̂ε j |2|R j j |2 I{Q̃}I{B̃c} ≤ Cn−c log n.

For the first term on the right side of (33) get

E j |̂ε j |2|R j j |2 I{Q̃}I{B̃} ≤ C
(an(z)

nv
+ C

np

)
.

This completes the proof. �

Lemma 10 Under the conditions of the theorem, we have

E j |�n − �( j)
n |2 I{Q} I{B} ≤ Can(z)

nv

(a2n(z)
(nv)2

+ an(z)

(np)(nv)
+ 1

np(nv)
+ C

(nv)2

)

+ n−c log n.

Proof Set �̂( j)
n = s( j)

n (z) − Sy(z). By the Schur complement formula,

�n − �̂( j)
n = 1

2n

(
1 + 1

np

m∑

l.k=1

X jl X jkξ jlξ jk[R( j)]2k+n,l+n

)
R j j .

Since �̂
( j)
n is measurable with respect to M( j), we may write

�n − �( j)
n = (�n − �̂( j)

n ) − E j {�n − �̂( j)
n }.

Introduce the notation

η j1 = 1

np

m∑

l=1

(X2
jlξ jl − p)[R( j)2]l+n,l+n, η j2 = 1

np

m∑

l=1

X jl X jkξ jlξ jk[R( j)2]k+n,l+n .
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In these notation

�n − �( j)
n = 1

n

(
1 + 1

n

m∑

l=1

[R( j)2]l+n,l+n

)
(R j j − E j R j j )

+ 1

n
(η j1 + η j2)R j j − 1

n
E j (η j1 + η j2)R j j .

Note that

E j |η j1|2 I{Q} I{B} ≤ Cp

n2 p2

m∑

l=1

∣∣[R( j)2]l+n,l+n

∣∣2 I{Q( j)} I{B( j)}.

Since
∣∣[R( j)2]l+n,l+n

∣∣ ≤
m∑

k=1

∣∣R( j)
l+n,k+n

∣∣2 ≤ C

v
Im R( j)

l+n,l+n,

Theorem 3 gives

E j |η j1|2 I{Q} I{B} ≤ C

npv2
1

n

m∑

l=1

(
Im R( j)

l+n,l+n

)2
I{Q( j)} I{B( j)} ≤ Can(z)

npv2
.

Similarly, for the second moment of η j2 we have the estimate

E j |η j2|2 I{Q} I{B} ≤ Cp2

n2 p2

m∑

l,k=1

∣∣[R( j)]2l+n,k+n

∣∣2 I{Q( j)} I{B( j)}

≤ C

n2
Tr |R|4I{Q( j)} I{B( j)} ≤ C

nv3
an(z).

From the above estimates and Lemma 9 we conclude that

E j |�n − �( j)
n |2 I{Q} I{B}

≤ Ca2n(z)(z)

n2v2
E j |R j j − E j R j j |2 I{Q} I{B}

+
( an(z)

np(nv)2
+ Can(z)

(nv)3

)
≤ Can(z)

(nv)2

( C

np
+ C

(nv)

)
+ n−c log n.

The lemma is proved. �
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Lemma 11 There is an absolute constant C > 0 such that for any z = u + iv sat-
isfying
1 − √

y − v ≤ |u| ≤ 1 + √
y + v and v > 0 the inequality

|�n| ≤ C min
{ |Tn|
|b(z)| ,

√|Tn|
}

(34)

is valid.

Proof Make the change of variables by setting

w = 1√
y

(
z − 1 − y

z

)
, z = w

√
y +√yw2 + 4(1 − y)

2
,

and
S̃(w) = √

ySy(z), s̃n(w) = √
ysn(z).

In this notation, we can rewrite the main equation in the form

1 + w̃sn(w) + s̃2n (w) = Tn.

It is easy to see that

�n = 1√
y
(̃sn(z) − S̃(w)).

Now it suffices to repeat the proof of Lemma B.1 from [18]. Note that this Lemma
implies (34) forw satisfying |Rew| ≤ 2 + Imw. From thiswe conclude that inequal-
ity (34) holds for z = u + iv such that 1 − √

y ≤ |u| ≤ 1 + √
y. The Lemma is

proved. �

Lemma 12 Under conditions of Theorem 3 we have

Pr
{
|�n(u + iV )| ≤ C |Sy(u + iV )|2

( 1
n

+ 1

np

)
, for all − ∞ < u < ∞

}
≥ 1 − Cn−Q

Proof First we note that |R jk | ≤ 1/V , for v = V for j, l = 1, . . . n,
This implies that

|bn(u + iV )| ≥ 1

|Sy(u + iV )| − 1

V
.

We may choose V so large that

|bn(u + iV )| ≥ 2

|Sy(z)| .
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From here it follows

|�n| ≤ C |Sy(z)|
n

∣∣∣
n∑

j=1

ε j R j j

∣∣∣ ≤ C |Sy(z)|2
n

∣∣∣
n∑

j=1

ε j

∣∣∣

+ C |Sy(z)|
n

( n∑

j=1

|ε j ||R j j − Sy(z)|
)
.

Using Eq. (9), we get

|�n| ≤ C |Sy(z)|2
∣∣∣
1

n

n∑

j=1

ε j

∣∣∣+ C |Sy(z)|2
(1
n

n∑

j=1

|ε j |2
)
.

From this inequality it follows that

E |�n|q ≤ Cq |Sy(z)|2q
(

E

∣∣∣
1

n

n∑

j=1

ε j

∣∣∣
q + 1

n

n∑

j=1

E |ε j |2q
)
. (35)

Applying Lemmas 5, 7, 8, we get

1

n

n∑

j=1

E |ε j |2q ≤ Cq

(np)q
.

To estimate the first term in the right hand side of (35), we use triangle inequality

E

∣∣∣
1

n

n∑

j=1

ε j

∣∣∣
q ≤ Cq

(
E

∣∣∣
1

n

n∑

j=1

ε j1

∣∣∣
q + E

∣∣∣
1

n

n∑

j=1

ε j2

∣∣∣
q + E

∣∣∣
1

n

n∑

j=1

ε j3

∣∣∣
q) =: S1 + S2 + S3.

By Lemma 5

E

∣∣∣
1

n

n∑

j=1

ε j1

∣∣∣
q ≤ Cq

nq
.

To estimate the second and the third terms we use the inequality of [17, Theorem1].
We get

S2 ≤ Cqqq

(np)q
, S3 ≤ Cqqq

nq
.

It is enough to repeat the proof of [17, Theorem 3]. We omit here the details. Thus
Lemma 12 is proved. �
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semicircle law. Ann. Probab. 41(3B), 2279–2375 (2013)
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