Rate of Convergence for Sparse Sample m
Covariance Matrices e

F. Gotze, A. Tikhomirov, and D. Timushev

Abstract This work is devoted to the estimation of the convergence rate of the
empirical spectral distribution function (ESD) of sparse sample covariance matrices
in the Kolmogorov metric. We consider the case with the sparsity np, ~ log* n, for
some o > 1 and assume that the moments of the matrix elements satisfy the condition
E|X jkl‘““‘S < C < 00, for some § > 0. We also obtain approximation estimates for
the Stieltjes transform in the bulk.
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1 Introduction

For the first time, random matrices arose in the work of Wishart [1] in mathematical
statistics and later in the work of Wigner [2] for applications in nuclear physics.
Wigner used the eigenvalues of random Hermitian matrices with centered indepen-
dent identically distributed elements to describe the energy levels of heavy nuclei.
Later, such matrices were called Wigner matrices. Wigner proved that the density of
the empirical spectral distribution function of the eigenvalues of such matrices con-
verges to the semicircle law when the dimension of the matrix increases to infinity.

The second important class of random matrices is an ensemble of sample covari-
ance matrices. These are matrices of the form XX*, where X is a n x m matrix with
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centered identically distributed independent elements. In the context of statistical
analysis, the columns of matrix X are an m-dimensional sample of a n-dimensional
data vector. With the size of matrix X increasing to infinity, so that the ratio n/m
converges to some constant, the density of the limiting empirical spectral distribu-
tion of the matrix XX* was explicitly found by Marchenko and Pastur [3]. Sample
covariance matrices play an important role in the problems of multivariate statisti-
cal analysis, in particular in the method of Principal components analysis (PCA).
Random matrices of this type also appear in the theory of wireless communication.
The spectral density of these matrices is used in calculations related to the capacity
of a multiple-input multiple-output (MIMO) channel. This connection between the
theory of random matrices and wireless communication was established by Telatar
[4]. In this linear model, the element X;; of the channel matrix X is the transmis-
sion coefficient from the j-th transmitter to the i-th receiver antenna. The resulting
signal can be represented by the linear relationship y = Xr + s, where r is the input
signal and s is zero-mean Gaussian noise with some variance 2. In the case of
i.i.d. Gaussian input signals, the channel capacity is determined by the expression
(1/n) Elog det(I 4 o ~2XX*). This application of the random matrix theory was one
of the reasons of the explosive growth in this topic in the next decade. An important
area of sample covariance matrices applications is Graph theory. In the case of a
directed graph, its adjacency matrix is asymmetric and so instead of its eigenvalues,
we have to consider singular ones, which naturally leads to sample covariance matri-
ces. An example of such a graph is a bipartite random graph, the vertices of which
can be divided into two groups, in each of which the vertices are not connected to
each other. If the edges probability p, of such graph tends to zero with the num-
ber of vertices increasing to infinity, we get a sparse sample covariance matrix. The
behaviour of eigenvalues and eigenvectors of a sparse random matrix significantly
depends on its sparsity and we cannot apply the results obtained for the case of
non-sparse matrices. The case of sparse matrices has been considered in a number
of works (see [5—10]). The spectral properties of sparse sample covariance matrices
with the sparsity np, ~ n* were studied in [8]. In particular, a local law for the eigen-
value density was proved and the limiting distribution of the shifted, rescaled largest
eigenvalue was found assuming that matrix elements satisfy the moments assumption
E|X k|7 < (Cq)“1. Estimates for the Stieltjes transform were also obtained in the
domain {z=u+iv: A_/2 <u <Ay + 1,0 <v < 3}, where A_ and X, are left
and right endpoints of the Marchenko-Pastur distribution support, respectively.

The present work is devoted to the estimation of the convergence rate of the
empirical spectral distribution function (ESD) of sparse sample covariance matrices
in the Kolmogorov metric. We consider the case with the sparsity np, ~ log* n,
for some « > 1 and assume that matrix elements moments satisfy the condition
E|X jkl“‘S < C < oo. It should be noted that in addition to the result on the rate
of convergence, we also obtain approximation estimates for the Stieltjes transform
in the support of the limiting distribution assuming some truncation condition (see
Sect.3).
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2 Main Results

Let m = m(n), m > n. Consider independent identically distributed zero-mean ran-
dom variables Xz, 1 < j <n,1 <k <m with E X;; = 1 and independent set of
independent Bernoullirandom variables &, 1 < j <n,1 <k <mwithE&;; = p,.
In addition suppose that np, — 0o as n — oco. In what follows, for simplicity of
notation, we will omit the index #n in p,, if this does not cause confusion.

Observe the sequence of random matrices

X=——EuXji<j<ni<k<m-

mpy T

Denote by s; > - -+ > s, the singular values of X and define the empirical spectral
distribution function (ESD) of the sample covariance matrix W = XX*:

1 n
Fax) = — 3 Tis} < x),
j=1

where I{A} stands for the event A indicator.
We are interested in the rate of the convergence of the distribution F),(x) to the
Marchenko—Pastur distribution G (x) with the density

gy(x) = ﬁ (x —a?)(h? — x) [{a* < x < b?},

where y = y(n) = - anda =1 — /y,b =1+ /y.
We will follow the standard symmetrization technique (see [11]). To linearize the
ESD we consider the symmetrized distribution function

1 + sign(x) F, (x?)

Fo(x) = 5 ,

and the symmetrized Marchenko—Pastur distribution function G y(x) with the density

1
2mylx|

V&2 —a?) (b2 — x2) {a® < x* < b},

gy (x) =

Then we have for the rate of the convergence of the ESD function to the Marchenko—
Pastur distribution function in the Kolmogorov metric that

A, = sup|F,(x) — G, (x)| = 2sup | F,(x) — Gy (x)|.

In what follows we shall consider the symmetrized ESD only and we shall omit the
symbol “~” in the notation.
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We state the following result.

Theorem 1 LetE X j; = 0and E |Xjk|2 = 1. Assume that
E X i |*" < pags < oo,

forany j, k > 1 and for some § > 0. Suppose that there exists a positive constant B,
such that ,
np, > Blog> n,

)

where »x = TGTs- Then there exists a constant C depending on § and [L4.5 such that
Clo
A, < —E0
npn
with high probability.

Remark 1 We say that some event A, holds with high probability, if for any Q > 0,
P{A,} > 1 — n= 2, for sufficiently large n.

To prove Theorem 1, we will use the smoothing inequality developed in [11],
Corollary 3.2. For the reader’s convenience, we reproduce the statement.
For any x such that |x| € [1 — ,/y, 1 + \/y], define the quantities

B =Bx) =y~ Ilx|—1],

and
1 1
Jg=[1—ﬁ+§8,l+f—§€], forany 0 < ¢ < /.

Lemma 1 (Smoothing inequality) Suppose that y < 1. Let g, vy be positive numbers
suchthate < \/y/2andvy < Ce3/2. Denote by s, (z) the Stieltjes transform of F, (x),
and by S,(z) — the Stieltjes transform of G,(x). Note that 0 < 8 < ,/y. For any
x: |x| € Jg, we have g > %5. Then the following inequality holds:

lw

[o¢]
A, < 2/ [sn(u +1V) — S,(u +iV)|du + Civg + Cae

[e¢]

1%
+2 sup/ [sn(x +1u) — Sy (x + iu)|du, (D

[xlel.

/= Yo
where V. > vy, Vv = 5
The last inequality implies that it is enough to estimate the proximity of the
corresponding Stieltjes transforms in the domain
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Dei={z=u+iv: [ul €l vo/y/B<v=V)

where the exact values v, ¢ will be defined later. This will imply the bound for A,,.

The paper is organized as follows. In Sect. 3 we investigate the Stieltjes transform
of the symmetrized ESD function in the domain 9, assuming that the elements
X j satisfy some truncation and moment assumption (C0) (will be defined below).
We state Theorem 2 and prove several Corollaries. In Sect.4.1 we show that the
elements X ;; may satisfy the condition (C0). In Sect. 4.2 smoothing inequality (1)
and Corollary 3 allow us to bound the quantity A,. Sect.5 is devoted to the proof
of Theorem 2: in Sect. 5.1 we get the bound for the diagonal elements of resolvent
matrix R(z) when z € D, (the main difficulty is with Im z close to real axis of the
complex plane), and in Sect. 5.2 we estimate T,,. In the Appendix we state and prove
some auxiliary results.

3 The Stieltjes Transforms Proximity
Note that the symmetrized empirical spectral distribution function (ESD) of the
sample covariance matrix W = XX* may be rewrite as

n

F,(x) = % Z (]I{sj <x}+1I{-s; < x}).

j=1
By the definition of the Stieltjes transform we have

n

1 1 1 1
S"(Z):E(Zl ) +Z ) ): ?Z 2
j= j=

and

—(2% — ab) + /(2 — a®)(z* — b?)

S =
y(Z) 29z

Using the inequality |5, ()| < = we obtain L = ‘ySy(z) o4
2./y, for z € D,. Note that F,(x) is the ESD of the block matrix

0, X
Vz[x*om]

where Oy is k x k matrix with zero elements.
Let R = R(z) be the resolvent matrix of V: R = (V — zI,,,,) ~!. It is easy to see
that
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R | FXXT =217 (XX - 27L) X
- X*(XX* _ Z2In)—l Z(X*X _ Z2Im)—l

This implies

1 & 1 < m—n
$n(2) =~ ; Rjj =~ ; Risnion +——. ©)

Throughout this section the conditions (C0) are assumed to be fulfilled:

E X ji|** < pays < 0o and |X ;| < C(np)7 >, with 3 = (CO)

24 +38)
Let 5o > 1 be some constant depending on §, V be some positive constant. The
exact values of these constants will be determined below. For any 0 < v <V we
define k, as k, = k,(V) := min{l > 0: slv > V}. Let
Ay = Np(2) i=5,(2) — Sy(Z)’

where z = u + iv and v > 0. Set the notation

log(np) logn

_,_ 1=y =
b(z) =z - +2y8,(2), an(z) =Imb(z) + nplb(2)|

and
b(z) = 2 — “Ty +298,(2) + YAL (D) = b(2) + yAu(2).

Note that, for z € D,
v+2yIm S, (z) <Imb(z) < [b(z)] < C(y, V),
where C(y, V) =2 +3,/y + V. For given y > 0 consider the event
Q) = {|An(u + )| < ya @ +iv), forallu : |u] € J,}

and the event ay ) = ﬂf”zo Q, (sév). For any y there exists the constant V = V (y)
such that R

Pr{@,(V)} = 1. 3)
It may be V = /2/y, for example. In what follows, we assume that y and V are

chosen so that equality (3) is satisfied. We will also assume that y is chosen so that
foral0 <v <V

y/yan(2) max {1, (1 +2/)/y} < 1/4.
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We denote Q = éy (V). Summing the equations in (2), we get

sp(2) = _—1—}(1 + T — yAus,(2)) = Sy(Z)(l + T, — yAus,(2)),
2+ y8@) ——
“4)

where

1 n

In=— > eiRjj.

j=1

where

gj =¢j1t+€jr+ €3,
1 & |
7
8'1=—§ R1+,1+——§ R
= £ nltn = £ I+nl+n

1« ;
£in = — X2 I R(J) ,
r= E( 6= PYRI 11
1 )
3= Z X1 X k€18 jk Ry yn-
P\ zk<m
Here by symbol R,(’k) we denote the elements of the resolvent matrix defined via
matrix X with row j deleted.
In this section we formulate the following result.

Theorem 2 Under the conditions (CO0), for all z € D, with vy = Cn! log4 n, e >
2/3
(%) , for any K > 1 there exists constant C = C(K) and g < K logn, such

n

that
E|T,1“I{Q} < C9q% (1 + /nvg?/*) B2,

where @ |
a,(z
Br= " —
ny np
Corollary 1 Under the conditions of Theorem 2, in the domain D, for any K > 1
there exists constant C = C(K) and q < K logn, such that

quqﬁ;{
Ib(z)|e

E 1A "I{@Q} <

Proof From Theorem 2 it follows

EIT,"I{Q} < C1q°B;.
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It is straightforward to check that |5, (2)|I(Q) > ¢|b(z)|I(Q) in the domain D,. Thus

it is enough to consider the inequality |A,| < le\(Z;‘I . The Corollary is proved. ]

Corollary 2 Under the conditions of Theorem 2, in the domain D, for any Q > 1
there exists a constant C depending on Q, such that

Bnlogn
Ib(2)|

Pr{|A,,| >C Q} <Cn 9.

Proof For the proof it is enough to apply Markov inequality choosing ¢ ~ log n and
result of Corollary 1. O

Corollary 3 Under the conditions of Theorem 2, in the domain D, for any Q > 1
there exists a constant C depending on Q, such that

B logn <Cn-2

Pr{|An| e

Proof For the proof of this Corollary we shall use the so called additive descent
method. We partition interval [/, V] by points

w=V-—-k§, k=1,...K,
where K = (V —V')/§, and §, is choosing so that for any k = 1, ..., K and any
Vk 2V = Vit

|AL @+ iv) — Ay (u +iv)| < 8,/v? < 1/n.

It is enough to put 8, = 1/n>. Note that by Lemma 6, we have

" Cla, 1 ) 1 C
P < 14 2] < -a,(u +ivy) and max[ ]

1
= = ,—t < —a,(u+ivy).
|b()| — nv|b(z)] — 4 np|b(z)| np 4

These implies
Pr{|A,(u + iv)| > a,(u +ivy)} < Cn= 2.

Applying Corollary 2, we get

Bnlogn
b(z)|

Pr {|An(u +iv)| > C a} <cn @

Repeating this for k = 1, ... K and using the union bound, we get

Bnlogn
1b(2)]

Pr{|A,,(u+iv)|>C , foranszvzv/} <cn .

Thus Corollary 3 is proved. ]
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Corollary 4 Under the conditions of Theorem 2, in the domain D, we have, for
q ~ logn,

. Pl -
Pr{l U {|An(u+lv)|>K Ib((;in}] <Cn 9.
—Y=lul=1+y

Proof Note that, for v > vy,

oA, (u +iv) - 3 <l
ou T
Split interval [1 —.,/y, 14 ,/y] into N = n® intervals with endpoints u;, k =
1,..., N suchthat |ug4) — ug| < % and for any u; < ug41,
B logn

A, (u+iv)— A, (uy +iv)| < K .
[ Ap(u ) (ug )| 20|

Further we write

r { L,|—L1J§ﬁ{m"(u +iv)| > Kﬁ;?l(Zin I} < Pr{L]:J {1an G +iv)] > K/;;’Zg)'lf Il

Applying the union bound, we get

. Bnlogn Al . Bnlogn
Pr[”ul_L”{ﬁ[IAn(u Hinl > K5 ” < ];Pr[mn(uk v > KU ]

Taking into account that N < Cn? for g ~ log n, and applying Corollary 3 we obtain
the result. O

4 The Proof of Theorem 1

In this section we assume only that

448
?}gX]E|XJk| = [4qs < OO.

Using the standard truncation procedure we show that the Kolmogorov distance
between the empirical spectral distribution and the limiting one is of order
O ((np)~'log n). This implies, the proximity of the eigenvalues to the corresponding
quantiles of the limit distribution of order O (A,) with probability close to 1.
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4.1 Truncation

In the proof we use the standard truncation procedure (see [11], Sect. 5, for example).
Introduce the truncated random values

5
2(448)

o~

Xt = Xul{| X ji] < C(np)%_”}, where 3 =

the centered random values
X=Xy —EX,
and the normalized random values
)V(jk = a’lfjk, where 62 = E |§jk|2.

Denote by V, V V matrices obtained from V by replacing X j; with X k> X k> X jk-
Let F,,(x), F,(x), F, (x) be the symmetrized ESD functions of the corresponding
matrices.

Lemma 2 c
sup | F, (x) — Gy(x)| < sup |F,(x) — G, (x)| + "

I/’\roof We will sucucessively~ estimate the values sup, |ﬁ1(x) — F,(x)|, sup, |IA5,1 (x) —
Fn(x)l and supx |Fn(x) - Fn(x)l

First we note that
Hats

Pr{X i # X} < R

(&)

Bai’s rank inequality (see [12], Theorem A.43) gives

-~ rank{v -V}
sup [F(x) — F(x)| £ ——.

Since the rank does not exceed the number of non-zero elements of the matrix, we
have

. 1 n m li% 1 n m
sup P, (x) = Fo@)] = - ZZsjkﬂuxm > Clnp)* ™"} = szk,
j=1 k=1 j=1 k=1
where 7 = & I{| X x| > C(np)%_”} are Bernoulli distributed with Enj; <
1/(pn?). This implies
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[sup|Fn(x) Fn(x)l} <*[(ZZEW<) +‘ZZ(”J’<_E”J’<)H

j=lk=1

q q,9/2 2
= ngpq < q (ZZE(UJI(_EU]]() )q/ « q ZZEMJIC_E’?]Hq
j=1k=1 j=lk=1

Applying (5) and Rosenthal’s inequality (see [11], Lemma 8.1), we obtain

q

Cq:U“ZM Cigz N Cig1
(np)?  nip?  nip
C?max(1, (gp)*. (qp)?~'q}
(np)

[

E [ sup 17, 0) ~ Fuo)l] <

Using Chebyshev’s inequality, we get

€ max{l, \/gp, qp}} b
np - K9’

Pr { sup |F(x) — Fo(x)] = K

Choosing g ~ logn and K ~ const, we write

C max{1, plogn}
np

Pr{ sup P, (v) = Fy(0)] 2 | <cne

Consider the centered ESD function F (x). Note that the elements X j; are i.i.d.,
so the rank of the matrix V — V is 1 (since all elements of the matrix are the same
constant E X ; k). Therefore

~ ~ C
sup | F(x) — F,(x)| < —.
X n

Consider now the normalized ESD function F, (x). It is easy to see that

sup [ F,(x) — G, (x)| < sup |F,(x) — G, (x)| + sup |G, (x0) — G (x)].
X X X

Note that the random variables X jk satisfy the condition (CO0). Given that the
density of the distribution function G, (x) is bounded by a constant, we obtain

sup | F (x) — Gy(x)| < sup |F(x) — Gy(x)| + Clo — 1].

It can be shown, that

l—0| < ————.
| |_ (np)1+2u
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Thus,

SUp | Fy(x) = G, ()| = sup| Fy(x) = G, ()| + SRS

The lemma is proved. O

4.2 The Proof of Theorem

Now we may consider the random variables satisfying condition (C0). Put vy =

2/3
Cn~'log*n,e = <%> . We shall apply smoothing inequality (1) and the result
of Corollary 3.

The estimation of the first term in the smoothing inequality when Imz =V is
standard procedure since |R;;| < 1/V. It is not difficult to obtain the estimation

- : . 1o
Isu(u +iV) — Sy(u+iV)|du < C(— 4 _)_

The main problem appears in the application of the second integral of the smoothing
inequality. Using the bound from Corollary 3 we get

' v ra 1\Cl
suP/ |s"(u+iv)_Sy(u+iV)|dv§ Sup/ (Cl (Z)+_> Ogndv

lul€J. lul€. nv. np/ |b(2)]
\4 \%4 2 \4
Cl Cl 1 Cl
_/ Ogndv—i- sup / Z 08 moenp) 0g(r;p)dv+ sup / ogn dv
v ny |ulels Jv' I’lVI’lplb(Z)| lulels Jv' np|b(z)|

2 4
< Clog n+Clog n+Clogn - Clogn.

n npnf np np

The Theorem is proved.

5 The Proof of Theorem 2

The main difficulty in proving the Theorem is to obtain an estimate for diagonal
elements of resolvent R in the domain D,.
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5.1 Estimation of Resolvent Diagonal Elements

LetT={l,...,n},JC Tand TV ={1,...,m}, K C TV, Consider o-algebras
IMMIK) generated by the elements of X with the exception of the rows with number
in J and the columns with number in K. We will write for brevity 9; instead of
MIVULE) and 9, instead of MI-KVED By symbol XTK) we denote the matrix
X which rows with numbers in J are deleted, and which columns with numbers in
K are deleted too. In a similar way, we will denote all objects defined via XK
such as the resolvent matrix RY™), the ESD Stieltjes transform s "%, AJ-K) and so
on. The symbol [E; denotes the conditional expectation with respect to the o -algebra
IM;, and [E;,, — with respect to o-algebra M, ,,. Let J* =T\ J, K = O\ K.
Consider the events

Ap, 1. K; €) = (IR +iv)| < C). ©6)

Set

AV, I, K) =0 M Ajx(0, 1, K),

AP, I, K) = N Moy Ay i (0, 1, K),

AV, 1, K) = 0y My Ajpia (0, 1, K),

AV, I, K) =0 0L A ka0, 1, K). (7

For all {j, k} € (J° UK x (J¢ UK ) and u we have |R§{’K)| < % Introduce
events

ky

~ , [J] + K|
Q;J*K)(V) = ﬂ{ |A£;H’K) (u + lS(l)V)| <vya,(u, s(l)v) +—F }
I—o nsyv
It is easy to see that R R
Q,0) cQTOWw).
For the diagonal elements of R we can write
R = Sy(Z)(l — PRI 4 yquJ’K)R%K)), for j € J°, @®)
1
J,K) J.K) p(J,K) 1.K) pJ,K) :
Riinien = _z—l—y—S(z)(l = &n Rivulin + YA, )Rz+n,z+n), forl € K. (9)
, y(z

@) for I € K¢ are defined as

. K . .
Correction terms e_(].J ' for j € J° and &4
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274
K K K
85;1, ) _ JI ) Lt EJJ; )’
l m m
LUK _ RUK) quty
& _ZZ 1+n1+n__ZRl+"l+" ’
=1
1 .
LK) _ 2 JULK)
12 = m— Z(lesjl - p)RH—n.H—n ’
JK) _ auty
8/3 = - Z XJIXjkgjlgijlJrn k+n )
p 1<ls#k<m
and
J.K) J.K) J.K)
E'sn 8l+n 1+ +€z+n37
(J K (J ]K) J,KU{l+n})
El4n1 = Z R; Z Rj;
(J] K) J,KU{l+n})
Eln2 = _Z(Xﬂsﬂ PIRj; ’
IK J,KU{l+n})
l(+n% — Z X IXHEJISHR( e,

1<j#k<n

Theorem 3 Under the conditions (CO0), for any 0 < y < yy and ug > 0O there exist
constants H = H (S, [ays, ¥, uo) and C = C(8, Ways, ¥V, Ug) Such that for all 1 <
Jj<n,1 <k <mandforall 7 € D,, we have

Pr {|Rjk| > H; ay(\;)} < Cn—clogn’
Pr{ max{|R; isul. |Rjuil} > H; Q, ()} < Cnmeloe",
Pr {|Rf+n,k+n| > H; ay(v)} < Cnfclogn.

Proof In what follows, we put Q := @y ).
Representation (8) and (9) yield that for all y < yp and all J, K satisfying
luo|(1J] + |K|)/nv < 1/4, the inequalities

2
IRSOIIQ) < 21 R @) + Wi (10)
and
2
IRl ol HQ) = 2Aef RE Ly [ HQ) 1+ == 4 VY (1D

hold.



Rate of Convergence for Sparse Sample Covariance Matrices 275

Consider the off-diagonal elements of the resolvent matrix. It can be shown that
for j #k € J¢

R = R S xR
for j # k € K¢
RiSuan = R0~ i 2R,
and
RS, = R (= Y RELE).
RE = R = = 2 b R,
Put
e NI L e Ly p
el = ——— ZXHSH RIS e = —— lek%'lk RIIED.
Then we get
0 < RO, R < R
RE = REG,  REX), = REPSES, 1)

Inequalities (10) and (11) imply that
1
Pr{|R;;|I{Q} > C} < Pr {|sj|]1{a} > Z} (13)
for1§j§nandC> and

f?

1
Pr{|Risnia Q) > €} =< Pr{les, @ > 7] (14)
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forl </ <mandC >22+3,/y + \%). Relations (12) give
Pr{|R[{Q} > C} < Pr{|R;|{Q} > C} + Pr{le |{Q} > 1}
forl < j #k <n,and
Pr{|Ri1n k+n {Q} > C} < Pr{[Ripn, 1 {Q} > C} + Pr{lesn x4n | {Q} > 1}

for 1 <1 # k < m. Similarly we obtain

Pr{| R k1n[{Q} > C} < Pr{|R;,|I{Q} > C} + Pr{le; k10| {Q} > 1}
and

Pr{| R4k I{Q} > C} < Pr{| R« [{Q} > C} + Pr{le;n [ {Q} > 1}.

By Rosenthal’s inequality (see [11], Lemma 8.1) we find that

m

By el < C1(g% )~ (m RY)E + ¢ (ap) 0! DR,E’M)

forl < j #k <n,and
q 1 / q
Ejin l€j4nktnl? < C? (C] 2(nv)” 2 (Im RIE{:r_an:-kn) :
T g (np) z REI),
r=1
q 41 j q
B lejasl? < €9(q* ow)~Fam REL,,)
1 n
Fa oy S IR
q 41 j q
Ejinlejemianl’ < C1(qF ) ~* (im Réf,;"ll+n)2

+q(np) ! DR,&’J}B 7)

for 1 < j # k < m. Note that
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1 .
Pr{|e"] > A= Pr{AY (sv, ], K)'; Q)
1
+Pr{lef ™ > 51 AV (v 1. K): @),

Pr{ley ] > —1 @ < Pr{AM (v, 1, K); @}

+Pr{le 0] > 1/4; AV (v, 1, K): Q).
Pr{le | > 1: @ < Pr{A®(sv. J. K): Q)

+Pr{|s(JK)| > 1; AP (sv, I, K); Q},
Pr{|sﬂﬁ+n| >1;Q} < Pr{A® (sv, ], K)*; Q)

+ Pr{le) sy anl > 1AV (sv, I, K); Q).
Pr{le\} ] > 1: @ < PriA® (sv, 1. K); Q}

+Pr{leth ] > 1; AD (sv, T, K); @),
Pr{leg 5, ()] > 1: Q) < Pr{A® (v, 1, K); Q)

+Pr{le; 0 0] > 1; AY (v, T, K); Q).

Using Chebyshev’s inequality we get
Pr{ef9| > 1/4; Q AW} < CYE (E; [¢;|")HQVPIAD}.

Applying the triangle inequality, the results of Lemmas 5-8, the property of the
multiplicative gradient descent of the resolvent, we arrive at the inequality

RS gs\? 1 gs \?
4) - _
PE % 1 gs 4 PE % s \! 1
+<E> +E(<np>2”) (E) +((np)2”> (nmz}'

If we set ¢ ~ log?n, nv > Clog*n, np > Clog= n, we get

E;le;]? LAY (sv, T U {j}, K)} < Cncloen,

Moreover, the constant ¢ can be made arbitrarily large. We may obtain similar esti-
mates for the quantities &1, €k, €j1nk> &jktn> €j+nk+n- Inequalities (13), (14)

imply
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Pr{IR%K” Q) > C} < Pr{ﬂ(4)(sv, JU{j}, K)C} + Cp—closn
Pr(IREE), I HQ) > €) < Pr{A (sv, 1K U (1)) + Cne8",
Pr{IR;{vKn Q) > C} < Pr{A? (sv, J. K U {I})°} + Cn—cloen
Pr{|R) 1| I{Q) > C} < P{A® (sv, I, KU (j1)°} + Cncosn,
Pr{|Risn | HQ} > €} = AW (50, I, KU ()} + Cn ",

Pr{| Risn,j4n HQ} > C} < Pr{AD (sv, T KU {j})} + Cn~ce".

The last inequalities give

J,K) —cl
j’krgﬂ%KcPrﬂRjk |I{Q} > C} < Cn=c%¢"

+ max max{Pr{A°(sov, J U {j}, K)}, Pr{A (sov, J, KU {k})}}.
J€ < kelKe

Note that k, < C logn for v > vy = n~"log* n. So, choosing c large enough, we get

Pr{A°(v) NQ} < Cn—clog",

This completes the proof of the theorem. (]

Corollary 5 Under the conditions of Theorem 3, for any v > vy and g < clogn
there exists a constant H such that

E|R|"{@Q} = HY,

for j,k € TU(TY 4 n).

Proof We may write

E Rl HQ} < E R HQ H{AW)} + E R j|? HQ}{A ()}

Combine this inequality with |R x| < v~', we find that

E|R|!{Q} < C7 + vy E H{Q} {A"(v)}.

Applying Theorem 3, we obtain what is required. ]
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5.2 Estimation of T,

Recall that

log(n) log(np)

a:=ay(z) =Imb(z) + nplb(z)|

Consider the smoothing of the indicator 4, (x):

1, for |x| < ya,

hy(x,v)=1{1- ”xljj—a”“', for ya < |x| < 2vya,

0, for |x| > 2ya.

Note that
Hay(‘,) < hy(|An(u +iv),v) < ]Iazy(v)’

where, as before,

k

Q) = ({1 Anu +isgv)| < yan(u, sjv)}.
v=0

We will estimate the value
Dy :=E|T,1"hT (| Asl, v).

It is easy to see that
E|T,1"I{Q} < D,.

279

To estimate D,, we use the approach developed in [13—16] that goes back to Stein’s

method. Let
¢(2) :=Zlz|"

Set

~

1, := Tnhy(|An|v v).

Then we can write L
Dn =K T;I(p(T;l)

The equality

1—y

)30(@) + 9822 = bEAL) + YA ()
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implies that for z € D,
1T, {Q} < C.

Consider
B:=AYNAP NAD N AW,

where A were defined in (6) and (7). Then
D, <E|T,?T{Q}{B} + Cn—Clogn.

By the definition of 7,,, we may rewrite the last inequality as

1 < ~
D,:=—-Y E&;R;ih,(|Anl, T,) I{B} + Cnclosn,
=D EeiRjjhy (Al e(T) (B} + Cn

j=1

Set
D, = D 4 D@ 4 Cpeloen, (15)
where
l n
DY 1=~ Y EejiRjihy (104, o) I{BY,
j=1
l n
D® = - > EE;R;jhy (1Al v)o(T,) 1B,
j=1
/gj =é&j + £j3.
We have
1 & 1, $n(2)
- CR. = — el
" ;811 Ji 2nS,L(Z) + nz
and this yields

1 « C C
‘— Z&/lej) < —Ims,(z) + —.
n = nv n

Using Holder’s inequality, we get

Ca,(z)

D, (16)

pW| <
1Dl = ny
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Further, consider

TV =E;T,, TV =E;T,, AY =E;A,.

Represent D in the form

where

DD .

n

D .

DeY .

DeY .

DP® =DV ...+ DY (17)

Sy(2)
n

> Ezih, (AP veT) {8},

j=1

1 - = ) ()

— D E&(Rj; = 8,@)hy (A1, eT) B),
j=1

1< . .
- ZEejRjj(hy(lAnl, v) — by, (IAD [, v)e(T) {B),
j=1

1 = o~
- D EER;hy (1Al v)((T) — o(T,7)) {BY.
j=1

Since E;&; = 0, we find

@1 _—
D" =

Sy (2)
n

S E&h, 1AV Ve@) B,
j=1

From here it is easy to obtain that

Note that Eq. (4) implies

where

|D’521)| < Cn_cmg". (18)
.
n bn(Z)’

I—y
by(z) =z — — + ¥8y(2) + y5a(2).

The last can also be rewritten as

by(z2) =z— I—Ty +2y8,(2) + yAu(2) = b(2) + yAn(2).
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5.2.1 Estimation of D{*?
Using the representation of R;;, we may write

22) _ Q2 n22)
D@ =D + D@,

where
~ $,(2) — , .
22) . -2

D .= yn ZIIEajR_UhVﬂAf,”Lv)gp(Tn(]))]I{B},
j:

- S ! , .

p® .= 2 )@ D BB AR ihy (1AL e(T) I{B).

; jAnR

j=1

By Holder’s inequality,
PSR O S 0 .
DR = = Y B [ E @ lIAIR; 0, (AL WIS D, . (19)
j=1
Further,
E; [[E11AulIRj1hy (1A v){BY] < CE; [[€)11Au 1Ry, (AP [, v) I{BY].

It is obvious that

E; [[E11Anlhy (AP |, v) T{B}]
<E; [Igj1|Aulhy, (AL, v) B I{1b(2)] < V/IT1}
+E; [[E1[Aulhy, (AL, ) UBY H{1b(2)] > V/IT1}-

We have
| Ay, (IAY |, VY UBY < [Anlhy, (AL, v) I{B)
+ [ Anllhy (AL, V) — By, (JAY ], v) | T{B).

Since we have |a,| < |b(z2)| for z € D, in the last inequality, we can write

, 1
b2 @IBAAY 1Y) = (16@)] = ya,@) = —) = clb(@)]

and therefore
C|T,|

[Anl < .
|b(2)]
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From here get

[Anly (A1) UBYYIT,] < 161} < CYIT R (AL V).
Further, we note that if 4/[7,| > |b(z)|, then

[Anlhy (1Anl, V) < yan()hy (|Anl, v) < Clb(2)|hy (| Anl, v)
< CVITulhy (IAnl, v).

Using this we conclude that

. o . [P
E; [[11Anlhy, (1AL, v T{BY] < B € PI{|AY] < Cay()}UBY E; |T,,|

L .
+ E? [6"H{|AY| < Can(2)}{B}

a,(z)

1 . . 1
X E} [An1An = AP PIf max(| A, 1AP) < € (a2 + — )}
ny

Applying Lemmas 7 and 8§, we obtain

(@ (2))2 " 1

a,(2) + l)
(m):  (np): '

E; [[8]1Anlh, (A9 ) {8 <c(
i [[Ei11An 1Ry (A, V) T{BY] < e @)
Using that a,(z) > C/nv (see Lemma 3), we get

(an(z)l)f . 1 1
(nv)2 (np)2

E; 1A, (AL W 18] < ¢ )(E T+ —). o)

ny

Combining inequalities (19), (20), and n—lv < C,/%2 we get

ny

g—1

g—1 2q—
ID®| < C(B.Dy" + v/ BuDn™ ). 1)

5.2.2 Estimation of D’(123)
Note that
Iy (1 Aul,v) = hy (AP IR T{BY

=<

|A, — A | T{max{|A, |, |AY ]} < 2ya.(2)} {B).

a,(z2)

Using Hdlder’s inequality and Cauchy’s inequality, we get
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DX < %@ SOEIE; 5 PHQIBE; A, — AV PHQIL®B) | D,"
n ]:1

Applying Lemmas 7, 8, 10, obtain

€ Ja @\ Ca (D) an(z)
(23) 1
b, = Ca, (Z)(ﬁ+ T ) N =
Ca"% (Z) C n—clogn:Iqu;]
()i (np):  (nv)?(np)?

Taking into account that Im b(z) > £ (a,(z)nv > C), the last gives the bound

- ny

a C ! a1
Doy 5c<% + E)D"Z — B.Dy" .

5.2.3 Estimation of D*¥
By Taylor’s theorem, we have
1 & PO . PO
DY = =Y "E&;R;hy (| Anl. (T, — T (TP + (T, — T) (B,
j=1

where 7 is uniform distributed on the interval [0, 1] random variables independent
on all other. Since [{B} = 1 yields |R;;| < C, we find that

C . P~ ~ o~ . o~ . —~ .
D1 = — 3 B by (Al MIT, = TG T + 2Ty = TP)IHB)
j=1
Taking into account the inequality
¢/ 00+ 2T, = TN = Cq [T 4 g7 T, = T,

obtain

Cq n N R PO
D29 < LY B iy (Al WIT, = TN 1)
j=1

+

Cqgi ' &\ PO ~ ~
L S Ry (A4 0T, — T[T 1 B) = DEY + DY,
n
j=1
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Applying Holder’s inequality, get
—~ Cq " 2 ~ —~ . 4 g2 o~
DY < == 3 (B [Ej{1E1hy (1A WIT, = TV IBN]" B T,
j=1

Jensen’s inequality gives
)

-~ Cq " 2 ~ . q .
DPY < == 3 JE [Ei{[Elhy (1Al WIT, = TO1HBN]" Dy
j=1

To estimate D®¥ we have to get bound for
a4 ~ o~ q
vy =E[E; {[&lh, (1A 0T, — TV B}

By Cauchy’s inequality, we have

v <EvM)Ev®)s, (22)

j =

where

ViD= E; 8P 1HQ,y WIBY. VP =BT, — TP P2 (1A v) I{B}.

Estimation of V].(l)

Lemma 7 gives
~ C

E; lej2|* T{Qy ()} I{B} < -

and Lemma 8, in its turn, gives
21(A c
E; lej31” {&@, )} {B} < Ean(z)-

Summing up the obtained estimates, we arrive at the following inequality

Vo < €@ L C _ g @3)
nv np

Estimation of Vj(z)
To estimate Vj(z) we consider fn — /T\n(j). Since Tn = T,h, (|Anl, v) and T”n(j) =E; T,

we have
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Tw =T = (T = Ty (Aalv) = B [ (T = Ty (18], ) |
+ T (1y (8ulv) = iy (A 1001 = B [y (8l v) = By (A5 1] ).

Further, we note that
T, = Awb, = Ayb(2) + yAi'

Then

T, =T, = (A = )G + 29AD) + y(Ay = AP = yE (A — AP,
(24)
We get

~ ~

To = T = (0@ + 29A) [ (n = Ay (Al v) = B (g = A Yy (18], )|
+3[An = AT = E (a0 = AT [y (1Al )
v E; [(An = APy (Anl )~ Ej iy (1A )

= T [y (al v) = by (A1) . (25)
Now return to estimation of Vj(z). Equality (25) implies

V2 <4b@)PE; Ay — AV PR (Al v) {B)
+41b@) 1 [Ej Ay — AP, (Al W] E;j B2 (1AW V) I{B)
+ 8y Ej AL P Ay — AP PR (1AL v) T{B}
+ 82 [E; (A, — AR, (1AL W] E; [AY PR (1AL, v) {B)
+ 2% B 140 = APPH (AL [1(8)
+ 292 [E; (A — ARy (8,1 0] Ej B2 (AL ) {B)
+ 32 [Ej (A — A9y (1Al )] Ej 2 (1AG],v) B
+ ¥ [E;(An — 1\,51'))2]2 [E; by (1A, v)]Z]Ej h2 (A1 v) I{B)
+ITOPE; [hy (1AL v) = hy (AP W] B2 (1Al W TB)
TP [E; (hy (Aalv) = by (IAPL )] By B2 (1AL v) LB

‘We can rewrite it as
Vj(z) A+ A+ Az + Ay,



Rate of Convergence for Sparse Sample Covariance Matrices 287
AL = CIb@PE; 1An — A PR2 (1 Aul. v (R2(Anl.v) + Ej 2 (1 Anl, v) TiB),

Ay = CEj Ay — A PR2AAR (AT PR (Anlv) + Ej 1AL PR2 (1 Anl v) B,
A3 = CEj|An — AP PFR2 (1 Anl v (K2 (Anl.v) + Ej 12 (1 Anl, v) HiB),

. o
A4 = CIT 2 Ej [hy (Anlv) = hy (AT 1 0[P (R2 (Anl.v) + Ej B2 (1 ARl v) LB

Applying i, (|A,],v) < 1 and Lemma 10, we find that

20, (2) (an(x)  an(2) 1 1
A1 = Clb@) nv <(nv)2 + (np)(nv) + np(nv) + (nv)2>
and
a(z) (ai(2) a,(2) 1 1
A= <(nv>2 e e T (,,v)z)-
Note that

c .
Az < nz—sz, |An — AP PR (LA V).

Combining Lemma 10 and a,(z) > % get

2
Ca,(2) (an(z) an(z) N 1 1 )

Ty N2 T () () np(ﬂV)+(HV)2

Applying the triangle inequality, we obtain

N .
Ag = CEj |hy(Anl.v) — by (A 10T PR2 (Al v) +E; 1T Ph2 (1 Anl. v)
T, .
< CE; |y (1Al v) = hy (AL L) [P (E; 1Tl + B} T — T 22 (|An ] v))

L .
+ CE; |y (1Al v) = hy (AL L) P (1T + 1T0 — T PR (1 Anl. v).

Further, since

1y, (1Al v) — By AP, 9)| < |A, — AY|

ya,(2)
x I{min{|A,|, AV} < 2ya,(z)}, (26)

we may write



288 F. Gotze et al.

C ~ ~ , _ .

As = 20 E; (1T, +E; IT,)A, — AV PH{min{| A, [AY]} < Ca,(2)}
C
() i A — AYPHmin{|A, |, AV} < 2ya,(2)

x (hi(|An|, WITy = TP + B [T, = T PR (1Al ).
By representation (24),
1Ty = T PR (1Al v) < (6@ + @y (@) Ay — AP PR (|44l v).
Given that |T,,| < C|A,||b,(z)], arrive at the inequality
As = C(I@P +aX@) By 1Ay — A PImin{| ALl 1AL ] < Cay(2)).

Applying Lemma 10, obtain

) Cay,(z) (aX(z) a,(2) 1 C
As = C(IOF +a2) = ( e (nv)2>.

Combining the estimates obtained for Ay, ..., A4 we conclude that

o) s 5 \Cay(2) (a2(2) an(z) 1 C )
v; §C<|b(z)| +an(Z)> - ((nv)2 + ) o) + Py + 2 )
(27)

Inequalities (22), (23) and (27) imply the bound
a a
ij EC‘I’BH“ (Z)

2 an(2) (a5 (2) a,(z) 1 C \\¢
x (1b@F + a2 )) (o (et st <))

(28)

Note that

n

DeH < Cq(

S| -

L
V,) 7

Jj=1

Then inequality (28) yields

B < Cqpy (z)[(w(z)ﬁ +a (z))%( - )( (ziﬁ

ny
a,(z) 1 } =2
(np)(nv)  np(nv) (nV)2
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Using that |b(z)| < Ca,(z) (see Lemma 4) we may rewrite it as

q—2
q

D2 < Cqf2D,T . 29)
5.2.4 Estimation of D\*¥
Recall that

sy _ Cl0 NN p o s S0
BRY = = S RENT — T hy (Al ) TS,
j=1

Using (25) and (24), we get
5 70 <E ¢ ") 0
T, — T,’| =<—(an(2) + 16D + == + |T,[Ih(|Anl. v) — R(IA ] V)]
nv n?v
Further, (26) gives

~ o~ C C
T, — TV | <—(an(z) + |b(2)]) + -
nv n=y

- TN Ay — AL {| ALl < Ca,(2)).

an(z)
Applying the triangle inequality, obtain

~ =~ _C C
T, — T, | <—(a,(2) + b)) + 5=
nvy n-y

C . .
+ ——|TullA, — AY [Hmax{|A, ], [AL]} < Ca,(2)}
a,(2)
C . . .
+ T, — T A, — AP H{min{|A, ], [AY]} < Ca,(2)}.
an(z)

Inequality (24), the relations |T,,| < C|A,||b(z)| and % < Cay(z) imply

~ o C
1T, — T | <—(aa(2) + [b(2))).
ny

The last gives

Y EEIT, = T 1y (Al ) H{B).
j=1

hied <quq710372(2)1
T (nv)d? n
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Taking into account
o a 1
E [T, — T,9|hy (1A ) {8} < E(VVV*)2

and inequalities (23), (27), we get

Ciq'"al™" (2) 1 ra,(2)
(I’lv)"_2 ,3,,( ny

ai(z) an(Z) 1 C %

(G + e T e + )

5 5124) <

We rewrite it as _
DY < cigi7' i /nv. (30)

Combining relations (15), (16), (17), (18), (21), (29), (30), we find that

1 2¢—1
2q

q=1 1 q=2
D, <Cn™"8" + CB,D," + CPiD," +CBqD," + Clq"' Bl /nv.
Applying Young’s inequality, we conclude that

D, <C9q% (1 4 J/nvg®’*)B9.

6 Appendix

Lemma 3 For any z € D, we have
b(z)| < V2Imb(2).

Proof Note that

b(z) = %\/(Z — az—2) (z - b;)

It is enough to prove that

el D)= D)) =0

el (o= D) ) = (1 ) 2
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It may be rewritten as

Re[(z— f)(z— b;)] = |Z|2(1 + (1—y)2> -2 —|—y)—2v2<1 + d _y)z),

z 2|4 |z|*

It is straightforward to check that for 1 — \/y < [z] <1+ /y

(1—y)?
|z|*

Iz|2(1+ )—2(1+y) <0.

This implies that for 1 — ,/y < |z| < 1 + ,/yinequality (31) holds. Since 1 — ,/y <
|z| for all z € D, to prove (31) for z € D, is enough to consider |z| > 1 + ,/y. For
this case we have

2

Re{(:= D) (e =)} =2 =2+ (1= 3P 2049 =2 = (14 V5P <0

Thus Lemma is proved. (I
Lemmad4 Forl— ./y <|u|l <1+ ./y the inequality

[b(2)| = Cay(2)
holds.

Proof Note that

b@) =2 = = +25,() (z - ) y

and

T—y\2 11
an(z):Im{ (Z__) _4y}+_+_
z nv - np

It is easy to show that for 1 — \/y < |u| <1+ /y

Re{(z— 1;y)2_4y}§0_

Indeed, ,
1 —vy\2 1 —
Ref(s— 2 ) = O iy
z u

The last expression is not positive for 1 — /¥ < |u| < 1 + ,/y. From the negativity
of the real part it follows that
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Im{\/ _y T4y )\/

This implies the required. The Lemma is proved. (]

RN

Lemma 5 Under the conditions of Theorem 3, for j € J¢ and |l € K¢ we have

J.K JK
8( )| |8( )|}<

max {1y, le1

Proof For simplicity, we consider only the case J] = @ and K = &. Note that

£ = ﬁ((m_ ) (TR - m—T"'—l))

1 ; 1
—(TrR—TrRY) — —.
m 2mz
Applying Schur’s formula, we get
g1l < —.
| jl | = v
The second inequality is proved similarly. O

Lemma 6 Foranyz € D,
lim (nvb(z)) = oo
n—o00

Proof First we note that

b(z) = %\/(Z —a)(z+a)(z—Db)(z+ D).

It is straightforward to check that, for z € D,

b = Cy/min{[1l = /7 —zl. 11— /F 421, [1+ /T~ 21+ /F 2} = CYBFv.

Further,
nv|b(z)| = C(nvo/\/ﬁ)\/ﬁ +vp > nvyg — oo.

Thus Lemma is proved. U

Lemma 7 Under the conditions of Theorem 3, for all j € J° the inequalities

(JI K Ml RUVULK) |2
E | | nani I+n,l+n

and
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d, K) UKL
Erin ley 0l < Z |

are valid. In addition for g > 2 we have

q
3K g qf 47 Ju{j
E;lef "l < C ((np)% +(np)2<1%+1> Z|Rl+n,+”

and

q

q> q‘ 1 JKUI) |4
E/i, e 7 < C’7< ) E R
1+ | l+ | (np)% + (np)2q;4+1 |

forl e K°.

Proof For simplicity, consider the case J] = @ and K = @. The first two inequalities

are obvious. We consider only g > 2. Applying Rosenthal’s inequality (see [11],
Lemma 8.1), obtain for any g > 2

! oy oo
E;lejp|? = np) E; ‘ Z(Xﬂfjl — PR 14
=1

C! [ 4/ 4
< Gy 197 (2B G0 = pPIRE, 1)
=1

m
+q" Y B, X385 = plYIRED, 1l ]

I+n,l+n
=1
¢ d(LS g p)!
=< (mp)% I:(Q/-’M)Z (Z ; |Rl;{-n,l+n| ) /.qu Z |Rl+n l+n| :|
(qua)? mg? _ 71 0
chl: —— |l ] |R/n nlq. (32)
(mp)t ~ (mpyi~™ ; L+

Recall that
iy =E|X &l
and by the conditions of the Theorem
Tiog < CUpnp)? 2 2 iy

Substituting the last inequality in (32), we get
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q
q: )
Ejlepl® = Cq[(mp)% * (mp)20%+1] Z IR tnl”-

The second inequality can be proved similarly. ]

Lemma 8 Under the conditions of Theorem 3 for all j € Ty, I € Tﬁ(

(JU{j1.K) (J.KU{th
| (JK)l < CImSn J J.K) 2 < CImsn

E &
P s [+n | 1+n,3| nv

are valid. In addition for ¢ > 2 we have

CI JU{LK)
E; e300 < cq< (o) )
ny

m

3¢ _q —g— 1 Ju{j1.K z
+q7 ()" (np) ™ IZZ (I Rl(-ii l+n)>2
=1

2 2 § : § : Jugj
+ q q(np) 77— n2 ‘RlJrn k+n )’
=1 k=1

JULK) ¢
IK _q¢(ClIms, g
Ein lefinal? < cq( “(nv) (—nv )

m
W, 4 g1 1 @KU+ \4
+q72(nv)"2(np) " § Iijj

j=1

+ g () ‘ZZZ R

V2R

Proof 1t suffices to apply the inequality from Corollary 1 of [17]. (]

Lemma 9 Under the conditions of the theorem , the bound
n A?
EJ | IE R]]| H{Q} H{B} < C(a (Z) ﬁ) + Cnfclogn
ny np
is valid.

Proof Consider the equality

R, =— . <1+’5-R~).
ji Z—lz—y+ysr(/)(z) iR
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It implies

1
2= =2+ v (@)

Rjj —E;Rjj =— (31 Rj; —E;E, R,,-).

It is well-known that . :
-y
Sy)+z———= .
y8y(2) - e

Consequently,
1—
‘yS_v(z) +2z-— Ty) > Y.

Further, note that for a sufficiently small y there is a constant H such that

1

. I{Q} < HI{Q}.
z—?+ys,§’)(z) @ @

Hence,
Ej |Rjj — ]Ej R]]|2H{Q} H{B} < H2<Ej |§]|2|RH|2H{Q} H{B}
+E; I{Q I{B} E, |’5,-|2|R,~,-|2).
It is easy to see that
2 2 -~ 12 1 C
E; [€1°IR;;I"H{Q{B} < CE,; [¢;|" {Q {B} < C(—an(Z) + —)
ny np

Introduce events 1
Q" ={Ial = 2yan@) + —}.
nv

It is obvious that

{Q} < I{Q} T{QY}.
Consequently,
E; HQUB)E,; [ P[R;;|” < E; HQIUB)E; [8;1*|R; > Q™).
Further, consider E) = {|A,| < 2ya,(2)}. We have

HQY} < Q).
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Then it follows that
E; Q) UBYE, [5,1°IR;* < E; HQ IBIE; &R Q).

Next, the inequality

E; [ PIR ;P QY < E; [& P |R;; P HQBY + E; [5;1*|R; * HQB)  (33)
holds. By the conditions CO and the inequality |R;;| < vy !, we obtain the bound

E; [8;21R;1> HQ{B} < Cncloen,

For the first term on the right side of (33) get

E; 18 PIR; PH@E) = ¢ §f> ;;)

This completes the proof. (]

Lemma 10 Under the conditions of the theorem, we have

. Ca,(z) ra2(z) an(2) 1 c
) . ()2 n
+ n—clogn‘

Proof Set AY = s\ (z) — Sy(z). By the Schur complement formula,

1 1« '
_<1 + p Z Xj[Xjkgjlgjk[R(J)]2k+n,l+n)Rjj'

A — AD =
’ ! 2n L.k=1

Since A4 is measurable with respect to M), we may write
Ay =AY = (A, — AV —E;{A, — AV}

Introduce the notation

m

nji = —Z(Xﬂs,l—p)[m Vs Mj2 = —Zxﬂxﬂsﬂgk Rt
l 1 l 1
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In these notation
01 RN ()2
A, — A = ;(1 + ; ; [R ]l+n,l+n)(Rjj —E;Rjj)

1 1
+ ;(njl +nj2)Rj; — ;Ej(njl +n2)Rj;.

Note that

Cp — 2 . )
B Inji P HQUUS) < 5 S IR Y[ HQVY B

I=1
Since
‘2 - A 2 C )
J
|[R(f> ]1+n,z+n| < E |R(])I+n,k+n = ;Im Ry igns

k=1

Theorem 3 gives

C 1 & < . : Ca,(z)
|2 - () 21 W (N <« =4l
E; I PHQIB) < -5 ;(ImRH,,,H,,) HQPIBY) < =5
Similarly, for the second moment of 7;, we have the estimate
B, s PUQUIB) = 25 3 IRV Py @) 18
j 1152 — nzpz 1+n,k+n
Lk=1

C . . C
= TrIRI'HQVI BV} < —a,(2).
n2 ny3

IA

From the above estimates and Lemma 9 we conclude that

E; A, — A PHQL(B)

Ca’(2)(z

< SD0 g, 1R —E, R PHQ S
0@ | Ca@y _ Ca@/C  CN .
Gty = ) = e G+ Gg) +7 "

The lemma is proved.
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Lemma 11 There is an absolute constant C > 0 such that for any z = u + iv sat-
isfying
1—-/y—v=<lul <1+, /y+vandv > 0 the inequality

T,
Al = Cmin S0 T} (34)

is valid.

Proof Make the change of variables by setting

1 1- 2 1 4(1 —
(_ y>7 Z=Wﬁ+””;+( y)’

W= ——
<

vy

and

Sw) =382, Faw) = /ysu(2).
In this notation, we can rewrite the main equation in the form
L4+ w5,(w) +57(w) =T,

It is easy to see that
1

vy

Now it suffices to repeat the proof of Lemma B.1 from [18]. Note that this Lemma
implies (34) for w satisfying | Re w| < 2 4 Im w. From this we conclude that inequal-
ity (34) holds for z = u + iv such that 1 — ,/y < |u| <1+ ,/y. The Lemma is
proved. (]

A= —G(2) — S(w)).

Lemma 12 Under conditions of Theorem 3 we have
, a1 0
Pr{lAn(u +iV)| < CISyu+iV)| (f + —), forall —oo <u < oo} >1—Cn
n - np

Proof First we note that |[Rji| < 1/V,forv=Vforjl=1,...n,
This implies that

1 1
bu+iV)| > ——— — —.
1B ) ISy(u+iV)| V

We may choose V so large that

by (u+iV)| > 5@
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From here it follows

CISy(2)| [+
+ PO S 1Ry - 5,6001).

j=1

Using Eq. (9), we get

1 n
A < CS@P| e

j=l1

reis,@P (1),
j=1

From this inequality it follows that

E[Al < €115, (B (%Z [+l o

Applying Lemmas 5, 7, 8, we get

_ZE|81 qu( )q

To estimate the first term in the right hand side of (35), we use triangle inequality
JElzn: q<cqﬂzliqﬂ«:ln CEL Y ) st st s
- o - i - i — i = .
el = (Bl e +B[L el BT enf) =i v 5w
j=1 j=1 j=1 j=1
By Lemma 5
Il ¢ C
Bl S e <<
nzl M= e
j=

To estimate the second and the third terms we use the inequality of [17, Theoreml].
We get

9449 9449
-G 5. < ¢'1"

$ < 3 <
(”P)q n4

It is enough to repeat the proof of [17, Theorem 3]. We omit here the details. Thus
Lemma 12 is proved. (]
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