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Abstract—Let X, X5,..., X, be independent random variables, and let E® for [=1,...,n

be symmetric deterministic matrices. We study matrices of the type W =37, X,EW . The
convergence of empirical spectral distribution of W to the normal law is established under certain

conditions on matrices E). Applications include estimating the convergence rate for the spectral
distribution functions of palindromic and circulant random matrices. The analysis employs a method
introduced by the author in his 1980 work “On the Rate of Convergence in the Central Limit
Theorem for Weakly Dependent Variables”.
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1. INTRODUCTION

We study the conditions under which symmetric random n x n matrices generated by n independent
random variables X1, ..., X, have a normal limiting spectral distribution. We assume

EX; =0, EX;=1 j=1,...,n, n>1

Foranyn > 1and anyl = 1,...,n we consider symmetric 2n x 2n matrices E() with entries equal to
0 or 1 such that

EV@EV) =0 forj#£1l, 1<jl<n,

here and in what follows symbol ® denotes Kronecker product of matrices and O denotes the zero matrix,
and

> EO =1x17, (1)
=1

where 1 denotes the column vector with all coordinates equal to 1.
We investigate the spectrum of matrices of the type

1 n
W = X,EV.
Vo 2

In such form we can represent different types of matrices like Toplitz matrices, Hankel matrices,
circulant matrices and many other. We study the limit behavior of the distribution of the spectrum of
random symmetric palindromic and circulant Toplitz matrices. A Toplitz matrix is called palindromic

*The text was submitted by the author in English.
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344 TIKHOMIROV

if its first row is a palindrome. Let Xy, X, ..., X,, be independent random variables with EX; = 0 and
IEX]Z = 1. A palindromic symmetric Toplitz matrix has the form

X1 X0 X3-- Xy X, X X3 X Xy
Xo X1 Xoor Xy X Xpeee Xy Xz Xo
X3 X0 Xy X3 X0 Xp1-- X5 Xy X3

Xn—l Xn—2 Xn—3 Xl X2 X3 Xn Xn—l Xn—2
1 Xn Xn—l Xn—2 X2 Xl X2 Xn Xn Xn—l
P = Von | Xn X Xao X5 Xo X X1 X, X, (2)

X3 Xy X; Xn Xpo1 Xpoo X1 Xo X3
Xo X3 Xy Xn Xn Xpa Xo X1 Xo
X1 Xo Xz Xy X Xy X3 X Xy

A circulant matrix is a Toplitz matrix whose rows are obtained from the first by a cyclic shift. The
principal minor of a symmetric palindromic matrix obtained by deleting the last row and last column is a
circulant matrix.

Letej = (0,...,0,1,0,...,0)T, j =1,...,2n, be vectors in R*". We will use bold lowercase Latin
letters to denote vectors, and bold uppercase Latin letters to denote matrices (random or deterministic).

Foranyl =1,...,2n we define the matrices
i’;l erel +ejel +egel, forl=1,
l _
EW = ¢y erel ) ) +exii1e]) (3)
+ Zzizn_l+1(ekek—2n+l +er_onyier) atl =2,...,n.
A palindromic symmetric Toplitz matrix generated by random variables X1, ..., X, can be written as
1 n
P = X,;EO. 4
V2n ; : (4)

Along with palindromic Toplitz matrices, we will consider symmetric circulant matrices.

A circulant matrix of order n is formed by n elements of the first row, which we will denote by
Xy, , Xp. A circulant matrix is symmetric if X; = X,,_j19 for j > 2. A symmetric circulant matrix
of odd order, say 2n — 1, can be represented as
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ON CONVERGENCE OF THE EMPIRICAL SPECTRAL DISTRIBUTION FUNCTION 345
X Xy X3 X1 X, X, X3  Xo
X X7 X9 Xp0 X1 X, Xy X3
X3 Xo X X, 3 Xno Xp i X5 X
Xno1 Xn—o Xn-3 X1 Xy X3 X, Xn1
Q- 1 Xn Xno1 Xnoo X X1 Xy X, X,
V=1 X X, Xpq-- X35 Xo X1 Xao1 Xn
Xy X5 Xe-or Xpo1 Xpo Xpg-or Xoo X3
Xs X4 X5 X, Xuq Xno-- Xi X
X X3 Xy X, X, X1 Xoo Xy
Let A1, Ag,..., A2, be the eigenvalues of the matrix W. Let us define the empirical spectral
distribution function
L2
Fo(z) = om ;H{)‘j <z},

where [{ A} denotes the indicator of event A.

In [4], it was shown that, for Toplitz matrices, there exists a limit spectral distribution with infinite
support and different from the normal one (the second moment is 1, the fourth 8/3). In [2], symmetric
palindromic Toplitz matrices were considered and it was shown that their limit spectral distribution is
normal. In both papers, the method of moments was used and a sufficiently large number of moments
were required. In[7], symmetric circulant block-matrices with large random blocks was considered.

For any matrix A we denote by symbol ||A|| the operator norm of matrix A and by symbol ||A || we
denote the Frobenius norm. We prove the following result.

Theorem 1. Let matrix W has the form (4) with some matrices E . Suppose that the there exist a
constant Cy and a sequence 3,1 such that foranyn > 1 andanyl=1,...,n

|E:|| < C1fn1;
and there exists a constant Cy such that

1 n
on S EF 1| < CoBa. (9)
=1

2

Suppose as well that

sup E|X[% < piz.
j>1
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Then
3
o 1 2 2
sup |EF,(z) — ®(z)| < C’(\/ﬁ 2 logn N nll N ngl)
r \/n n4 n4
Assuming that
E|X;|* < py < o0,
we have
n 1 n 2 C r2z
Esup |Fy(2) — ®(2)| < Cus <\/ﬁ zlogn  fnr 5”3) L OVl
’ \/n ns n4 na
Proposition 1. Let the following conditions be met.
3
li nl _
00 /1
and
lim B2 —0.
n—oo \/n
Then

lim sup |F,,(x) — ®(x)| =0 in probability.

n—oo 4

We give the proof of Proposition 1 in Section 2 after the proof of Theorem 1.

(7)

Let Fp(z) and Fq(z) denote empirical spectral distributions of matrices P and Q respectively. As a
consequence of Theorem 1 we obtain results for palindromic and circulant matrices. It is known that by

virtue of the "rank" inequality, see [1, Theorem A.43], the inequality
1

Fp(z) — F, < .
Sgp\ p(7) Q(w)|_2n

Theorem 2. Lef there exists a constant 0 < ug < oo such that

sup E[X;|* < p3.

Jj=21
Then there exists a constant C' > 0 such that

C
sup |[EFp(z) — ®(z)| < 'Lf?’.
T n4

The theorem and inequality (8) immediately imply the following corollary.

Corollary 1. Lef there exists a constant 0 < ug < oo such that
sup E[X;|* < p3.
Jj=z1
Then there exists a constant C' > 0 such that
sup [EFg(z) — ®(z)] < C/f?’.
T n4
We prove as well the result concerning empirical spectral distribution function.
Theorem 3. Lef there exists a constant 0 < ug < oo such that
supE|X;|* < pg and supB|X;|* < pua.
Jj=1 Jj=1
Then there exists a constant C > 0 such that
Cus | C/a

1 1
ns n4

Esgp |Fp(z) — ®(x)| <

(8)

(10)
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The theorem and inequality (8) immediately imply the following corollary.
Corollary 2. Lef there exists a constant 0 < g < oo such that

supE|X; > <ps  and  supE|X;|* < pa.
j>1 j>1

Then there exists a constant C > 0 such that

Cuz = Cy/pa
Esup|Fo(z) - @(z)| < 713 + OV
x ns n4

In Section 4 we improve inequalities (9) and 10. We prove the following
Theorem 4. For the circulant matrix Q the following estimate is holds:

Cu

sup [EFq(@) — @(z)| < ) ™, (12)
and for palindromic matrices P,

Cus

sup [EFp(r) — @(x) < /"

2. PROOF OF THEOREM 1

To prove inequality (6), we use the method proposed by the author in [9]. To prove inequality (7), we
estimate the variance of the characteristic function of the empirical spectral distribution function of the
matrix W.

First, consider the characteristic function of the expected empirical spectral distribution function
ZEexp{zt)\ } = TrEexp{th}
We will study the behavior of the derivative of the characteristic function f/,(¢),
pon 0 _ i _ 0
t)y=_ ETrW tW} = EX; T tW}IEY,
)= o ETWexp(itWy = ; | Trexp{it W}

Introduce the matrices W) = \/2 Py EX,E®). Using the independence of the random variables

X; and the matrices W) [ = 1,...,n, we arrive at the equality
/ _ E®
fn(t) = 2n\/2n Z EX; Tr (exp{th} exp{itW{ }) .
Let us now use the Duhamel formula: for any symmetric matrices A and B, the following equality holds:
t
exp{it(A + B)} = exp{itA} + z/ exp{isA}Bexp{i(t — s)(A + B)}ds.
0
See, for example, [8, Formula (2.14)]. We obtain

2;)2 Z/ I[?,Xl2 Tr exp{isW(l)}E(l) exp{i(t — S)W})E(l)
=170

Applying the Duhamel formula once more and using the independence of the random variables X; and
the matrices W® [ =1,...,n, we can write

fa(t) = Gi(t) + Ga(t), (14)
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where

Gi(t) =

) noo
(2:1)2 Z/ ETr eXp{iSW(l)}E(l) exp{i(t — S)W(l)})E(l)d,g’
1=1 70

. n +
(

Ga(t) = EX} / ds| T isWED

2(t) (2n)2\/2n§ ! . 8[ rexp{is }

t—s
X / exp{iss W IEWD exp{i(t — s — s1)WIEO ds, |.
0

Let us first estimate the quantity Ga(t).
Lemma 1. Under the conditions of the theorem, there exists a constant C > 0 such that
t2 B0 (t)

vn oo

Proof. Since exp{isA} is a unitary matrix, its operator norm is 1. Since the operator norm is
submultiplicative, the following estimate holds:

|exp{isWOIEW exp{isi WO IED exp{i(t — s — s)) WIED| < 83, (¢).
This implies that

Ga(t)] < Cus

t—s
Trexp{isWH1EY / exp{iss WIYED exp{i(t — s — s;)W}IED
0

< nfp (t)]t — 5.
In turn, the last inequality leads to the estimate
Ct*ps B ()
Go(t)] < i
Gatn)) < 1

The lemma is proved.
Continuing equality (14), we can write

G1(t) = Gui(t) + Gia(t) + Gus(t),

where
G11(t) :(2:1)2 Z/o E Tr exp{isW }EY exp{i(t — s) WHEWds,
=1
. n t s
Gra(t) = — (2n);\/2n ZEX;/O /0 Trexp{is;W}E® exp{i(s — s1) W}
=1
x BY exp{i(t — s\ WO IED ds ds,
i n t rt—s
Gus(t) = — EX T isWILED exp{is; W
13(t) (2n)2\/2n; 1/0 /0 rexp{is YEY exp{is; W}

x BY exp{i(t — s — s1)) WO IEO dsds; .

Lemma 2. Under the conditions of the theorem, there exists a constant C such that
263, (t)
vn o

Proof. The proof repeats that of Lemma 1. To complete the estimate, one must use the corollary of
Lyapunov’s inequality for moments,

max [G2(t)], |Gr3(t)] < Cps

EXZE|X;| < E|X;.
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[t remains for us to find the asymptotics of G11(t). Let U = U(¢t) = exp{itW}. We represent G1(¢)
in the form

n

_ t
Gu(t) = 12 Z/O ETr U(s)EQU(t — s)ED ds.

Further, let [A,B] := AB — BA denote the commutator of matrices A and B. Let us prove the
following lemma.

Lemma 3. The following relation is valid:
ETrU(s)EVU(t — s)ED
~ TUGEY +i [ TUEW.EU(-)UOE" d.
0

Proof. Introduce the matrix function

[t is easy to see that
K)(s) = i (WU(S)EU)U(—S) - U(S)E(l)WU(—s)> — iU (s)[W,EQ)U(—s).

We used the fact that

d
ds

Since K;(0) = E®, we can write

U(s)EVU(t — s)ED = U(s)EVU(—s)U(H)ED

U(+£s) = £iWU(+s) = £iU(£s)W.

— EOUMED +i / U)W, EQTU (- UED dr.
0

Taking the trace and the mathematical expectation of both sides of the last equality and considering that
TrEQURED = Tr U(t)(E®)?, we obtain the required result. The lemma is proved.

Applying Lemma 3 to the function G11(t), we obtain
G (t n)? ZTrU H(ED)? + R(1),

where
i n t S
—_ o DUt — 1ED
R(t) (2”’1)2;/0 / ETrU(r)EV[W,EQ|U®t — r)EY dr ds.

Condition (5) and the last relation together imply

I (4 — 0(t)Cofnalt] = Cuspi t?
fn(t) - _tfn(t) + \/n + \/n

where |6(t)] < 1. We use here that, for any matrices A and B, | Tr AB| < ||A|2||B||2 and that unitary
matrix U has Frobenius norm equal to v/2n.

+ R(t), (15)

[t remains to estimate R(t).
Lemma 4. Under the conditions of the theorem, the following inequality holds:

ETrU(r)EY[W,EVUt — r)EY| < CusB’, max{r,t — r}.
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Proof. Using the representation for W, we can write

ETrU(r)EVW,EQ|U®E — r)ED

- ¢12 S EX T U EO[ER, EOJU(: — r)EO.
[y

Next, we use the Duhamel formula
exp{isW} = exp{isW®)} + i X, / exp{irW* N E® exp{i(s — r)W} dr.
0

We arrive at the following representation:
ETrU)EOW,EOU®E —r)ED
= j zn: EX;, Tr UR (nEOE® EOTU® (¢t — r)ED
2n 1=
+7r1(t,s) +ma(t, s),
where
U (5) = exp{isW®)},

ri(ts) =i ;n SOEX2Ty / U MEMU(s — r) dr BVE®, BOTU(# — r)ED,
k=1 0

n t—s
ro(t, s) =i 21 > EX;Tr UR () EVER EOTUR (HEEU@E - s —r)dr BV,
n 0
k=1
Due to the independence of the random variables X}, and the matrices U®) (1),

¢12 SOEX Tr U () EOE®, EOJU®) (¢ — rEO =0,
=

|T1(t7 8)| < O/L3ﬁ21|8|7
[r2(t, 5)] < Cusf |t — 5.
The lemma is proved.
Lemma 4 implies the estimate
Cps|t]*s;,
[R#)] < g
n
From this and from representation (15), it follows that
|12 + 253, " 1t
Vn n )
Here 0(t) denotes a function such that |6(¢)| < 1. Integrating the last equality with f,,(0) = 1, we obtain
min([t], 1) B2 + [t163, " t1* B
Vn n )

The obtained representation and Esseen’s inequality (see [3, Theorem 2.1]) imply the required estimate.
See details in [9]. Thus, inequality (6) is proved.

FA(E) = —tFult) + CO(1) 13 ( (16)

Falt) = exp{—12/2) + Cus0(t) (

As already mentioned, to prove inequality (7) we estimate the variance of the characteristic function
of the empirical spectral measure of the matrix W.
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Lemma 5. Under the conditions of Theorem 1, there exists a constant C > 0 such that

Ct*V/ B n Cuat* By

Vn n

Proof. To prove the lemma, we use the martingale representation of the trace. This technique was

apparently first applied in random matrix theory by V. Girko. Consider the increasing sequence of sigma-
algebras M; = o(X;,1 <j<I),l=1,...,n. Forl =1,...,n, consider the quantities

1 2
E‘ " (Tr exp{itW} —ETr exp{z’tW}) ‘ <

1 1
M= E[n Trexp{itW}|27] — E[n Tr exp{it W }| 2 _1].

Here and thereafter, by 90y we understand the trivial sigma-algebra, so that E[} Trexp{itW}|9] =
E[} Trexp{itW}]. In the introduced notation, we can write

E‘ 711 <Trexp{z'tW} — ETrexp{z’tW}) ‘2 =E| nyl‘z = ZEMP.
=1 =1
Next, note that
E[;n Trexp{itW"}|oy] = E[i Trexp{it W} 2,_4].

From this it follows that

== Vs
where
~ 1 : .
v =E [271 (Trexp{itW} — Trexp{itW®}) |0, ],
1
Y= E[2 (Trexp{itW} — Tr exp{itW(l)})‘iml_l].
n
Since
Elnl® < 2ER +ERil?),
and, in turn,
~ 2 a2 1 , p— e
max{E[¥,|7, E|7|°} < E‘ " <Tr exp{itW} — exp{it W' )}) ,
we have

2
E‘ ! (Tr exp{itW }—E Tr exp{itW})‘
2n
4 & . (D) 2
< 2 ZE‘ Tr (exp{th} — exp{itW })‘ .
=1

Furthermore, applying Duhamel formula, we get
Trexp{itW} — Trexp{itW"} = Q1 + Q,
where
o _ i

Qi = Xt Trexp{itW}ED
\/Zn

t t—s
Qg) _ 1 Xlz/ / Trexp{itW 1 E®
2n 0 0

x exp{i(t — s\ WO IEW exp{i(t — s — r)WIEW drds.
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It is not difficult to obtain that

1< .
oy D EIQY P < Cualtl* 8l /n.
=1
For the estimation of e E\Q \ we note that

2
E‘Q§1)|2 = QtnE‘ Tr exp{itw(l)}E(l)P'
Applying Duhamel formula, we get
ElQ{P < E| Tr exp{it W}E"|?

+ 22 EX?| / Trexp{isWIEW exp{i(t — s) W IEO s,
0

Continuing this inequality, we obtain

1 Z” wp . CF § . e . Clt'B
< .
(2n)2 2 E|Q7’|* < (2n)3 ;21 E| Trexp{itW }E"|* 4+ "

(17)

[t remains to estimate the first term on the right-hand side of (17). Recall notation U = exp{itW}. We
can write

Z|Trexp{th}E ? < Z Z Z [[U]x]|[U q|El(clgE1(7lq)

=1 j,k=1p,qg=1

Since for any j,k=1,...,2n, Y ", Eglk) =1 holds and Egk) = 0 or 1, there exists only one number
lo = 1(4, k) such that Eyk) = Ofor [ # lp. This implies that

n 2n 2n
S TrexpaWIEOR < 7 ([0l Y ([U]gEL).

=1 Ji:k=1 p,q=1

Furthermore, applying Cauchy’s inequality, we get, forany 5,k = 1,...,2n,

2n
> |[Ulpg B < Cna/Brr.

p,q=1
From this it follows that

CtQ\/ﬁnl

1 n
s 2| Trexp(itWIEO < 7 7
=1

(2n)
and
1 , : 2 _ OB | Cuat'By,
E‘ on <Tr exp{itW} — ETr exp{th}) ‘ < Jn + i

Thus, the lemma is proved.
Let ¢(t) = exp{—t%/2}. To prove Theorem 1, it now suffices to note that

E ;n TrU() - o (1)] < [i(t) - Ei U+ E‘i TrU(t) - E:L T U)|.

Representation (16) and inequality (18) together imply that

1
O/L3|t|ﬁﬁl1

1
n4

E‘ 5 U - go(t)‘ <
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1
min([t], 1) B2 + [t153 n [t1Bn1 n Cuit*by
Applying now Esseen’s inequality for the region |¢| < C’né/ﬂnl (see [3, Theorem 2.1]), we obtain the

required result. Thus, Theorem 1 is proved.
To prove Proposition 1, we note that inequality (19) imply that, under conditions of Proposition 1,

+Cu3< (19)

2n
1 2
fu(t) = on ;:1 exp{it\;} — exp{—t2 }  in probability as n — oo.
This implies the result of Proposition 1.

3. APPLICATION OF THE MAIN RESULT TO THE PALINDROMIC MATRICES.
PROOF OF THEOREM 2
In this Section we consider application of the Theorem 1 to the palindromic matrices. As noted in the

representation (2), the matrices P have the form (1) with the matrices E() given by equality (3). This
equality is of the form

i’il erel +eel +egel forl=1,
EV = i’l‘llﬂ(ekeal_l + ek+l_1e}§) (20)
o1 (€r€r—2n 1 + €p_aner) at 1 =2,...,n,
where e; denote unit vectors in R?" j=1,...,2n.
Proof of Theorem 2. To prove Theorem 2, it suffices to estimate the values /3,1 and B,2. It is obvious
that the matrix E®, 1 = 1,...,n, contains no more than 4 nonzero elements equal to I in each row.
Consequently, its spectral norm does not exceed 4. The following estimate holds:

ﬁnl S 4.
To estimate 3,2, we will prove the following lemma.

Lemma 6. Forthe matricesEY 1 =1,... n, defined in (20), the following equality holds:

2n—1 1 1---11 2n
1 2n—-11---11 1

2n 1 L.+ 112n-1)

Proof. First, consider ! = 1. [t is easy to see that
(EM)? =1+ 2eel + 2es,el .

Further, for [ > 2 we can write
2n—I+12n—I+1

ED)? = > D (ejef i1 +ejr1€] )(enelyy +erriref)
j=1 k=1

2n 2n
T T T T
+ > > (eje]ion +€jri-2me] )(eref o, + €rpi-amef)
j=2n—142 k=2n—1+42
2n—I+1 2n
T T T T
+2 % D (ejefiy +ejri1e] )(enel oy + erii-2me] ).
=1 k=2n—i42
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Considering the orthogonality of the vectors ej, 5 = 1,...,2n,, we arrive at the following equality
2n—I+1 2n—I+1
(ED) = > (ejru1ejy1+eje] )+ Y (eje]in o+ ey se])
j=1 j=1

2n
T T T T
+ E (ejej +ejyi-2n€jyy o,) +2e2m€] + €165,

j=2n—1+2
2n
=2 Z eje;‘-F + 2e2ne1T + 2e1egn
j=1
2n—1+1
+ > (ejel g o+ ejinse]).
j=1
Summing overl = 1,...,n, we get the required result.
Lemma 6 implies that
6712 <2.
Applying now the result of Theorem 1, we get
C
sup [EFp (x) — @(a) < '\,
T n4
and
C C
Esup Fp — a(x)| < 42+ OV
T n4 ns

Thus, Theorems 2 and 3 are proved.

4. ESTIMATION OF THE CONVERGENCE RATE OF THE EXPECTED SPECTRAL
DISTRIBUTION FUNCTION OF A CIRCULANT AND PALINDROMIC MATRICES.
PROOF OF THEOREM 4

In this section we improve the estimations of the convergence rate of the expected spectral distribu-
tion function of the matrices P and Q. Moreover, we estimate the convergence rate of the distribution
function of each individual eigenvalue for the circulant matrix Q. It is known that, for a circulant matrix

P of order 2n — 1 with generating elements X1, ..., X, the eigenvalues have the form
- 2m(j — 1)(r — 1
b= <X1—|—ZZCOS{ m(J n)(r )}XT) /v/2n — 1. (21)
r=2

See, for example, [5]. Obviously,

EN? = <1 +4zn:cos2 {277(]' B il)(r — }) /(2n —1)
r=2

_J2-,2, dorj=1,
1, forj=2,...,2n— 1.

[t is easy to see that the random variables ; are correlated. Indeed,

2n—1

> pj=v2n—1X).
j=1

If the distribution of y; is close to normal, then the distribution of their sum can be arbitrary, coinciding
with the distribution of X7.
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Using the representation (21), the result of Theorem 2 can be refined.

Let Gpj(z) = Pr{u; < x} be the distribution function of the random variable p;, j =1,...,2n — 1.
Since pu; represents a sum of independent random variables with finite variance, its distribution is close
to normal. To estimate the proximity of the distribution G,,;(x) to the normal distribution, one can use
any version of the Berry-Esseen inequality. See, for instance, [3]. We obtain

sup |Gpj(z) — ®(x)| < cLs,

where

1 n
Ly = 3<1+82

(271 - 1)2 r=2

cos {2w(r —-1)(j — 1)}

n

3
) H3-

It is obvious that
Cus
vn

L3 <

[t is easy to see that
1 n
ER = nj ().
P(#) =, 32 Gusle)

From this it follows that

Cus
EF - < .
sup [BFip () — @(x)] <}
Thus, the inequality (12) is proved. The inequality (13) follows from the inequality (12) and (8).
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