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LOCAL LAWS FOR SPARSE SAMPLE COVARIANCE
MATRICES WITHOUT THE TRUNCATION CONDITION

F. Gotze,” A. N. Tikhomirov, and D. A. Timushev’ UDC 519.2

We consider sparse sample covariance matrices n:) XX*, where X is a sparse matriz of order
n X m with the sparse probability p,. We prove the local Marchenko—Pastur law in some complex
domain assuming that np, > log’n, 8> 0, and some (4+0)-moment condition is fulfilled, 6 > 0.

Bibliography: 9 titles.

1. INTRODUCTION

Sample covariance matrices are of great practical importance for problems of multivariate
statistical analysis and such rapidly developing areas as the theory of wireless communication
and deep learning. Another significant area of application of sample covariance matrices is
graph theory. The adjacency matrix of an undirected graph is asymmetric, therefore the study
of its singular values leads to the sample covariance matrix. If we assume that the probability
pp, of having graph edges tends to zero as the number of vertices n increases to infinity, we get
to the concept of sparse random matrices.

Sparse Wigner random matrices have been considered in a number of papers (see [1-4]),
where many results have been obtained. With the symmetrization of sample covariance ma-
trices, it is possible to apply these results in the case where the observation matrix is square.
However, when the sample size is greater than observation dimension, the spectral limit dis-
tribution has the singularity in zero, which requires different approaches.

The limit spectral distribution of sparse sample covariance matrices with sparsity np, ~ n®
(¢ > 0 is arbitrary small) was studied in [5,6]. In particular, a local law was proved under
the assumption that the matrix elements satisfy the moment condition E|X;;|? < (Cq)*.
In [7], the case of the sparsity np, ~ log®n, for some o > 1 was considered, assuming that
the moments of the matrix elements satisfy the conditions Ii§l|)('J-k|4+‘S < C < oo, [Xj <
c1 (npn)é_” , for some s > 0. Under these assumptions, the local Marchenko—Pastur law was
proved in some complex domain z € D with Im z > vy > 0, where vy is of order log*n /n and
the domain bound does not depend on p, while np,, > log® n.

This paper is devoted to the case where the elements X, are not truncated, and only the
conditions E | X jk\4+5 < C < 00, npy ~ log®n, for some o > 1 are fulfilled. We prove the local
Marchenko—Pastur law in some complex domain u + iv € D,, with the real part contained in
the support of the Marchenko—Pastur distribution and separated from the support ends.

2. MAIN RESULTS

Let m = m(n), m > n. Consider independent identically distributed zero mean random
variables X, 1 < j <n,1 <k < m, with EXJZk = 1 and independent of that set independent
Bernoulli random variables &z, 1 < j <n, 1 <k < m, with E{;; = p,. In addition, assume
that np,, — oo as n — oo.
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Note the sequence of sparse sample covariance random matrices,
1
Vmpn

Denote by s1 > --- > s, the singular values of X and define the symmetrized empirical spectral
distribution function (ESD) of the sample covariance matrix W = XX*,

(i Xjk)1<i<n,1<k<m.

1 n
Fa(z) =, z; (H{Sj <a}+I{-s; < :L“}),
]:
where I{ A} stands for the event A indicator.
Note that F,(x) is the ESD of the block matrix

0, X
Vel % e

where Oy, is k x k matrix with zero elements.

Denote by R = R(z) the resolvent matrix of V,

R=(V-z)"

Let y = y(n) = " and Gy(x) be the symmetrized Marchenko-Pastur distribution function

with the density
1

— 2 _ 42 2_2]1 2< 2<2
eV — )0 ) < < 7,

9y(x)

where a =1 — /y and b = 1 + ,/y. We shall assume that y < yg < 1 for n,m > 1. Denote
by Sy(z) the Stieltjes transform of the distribution function Gy(x) and by s,(z) the Stieltjes
transform of the distribution function F,,(z). We have

e R (C
Sy(z) = 2y )
n n

1 1 1 1 z 1
pr— = = R"'
Sn(z) QTL[Z:;SJ'—Z_‘_;—S]'—Z] n 8?—22 TLZ 3

J

by =z S, =~ o +uS,(2) (2.1)

In this paper, we prove the so-called Marchenko—Pastur law for sparse sample covariance
matrices. Let

A = Ap(2) = sp(2) — Sy(2).

For constant § > 0, define the value s = »(6) := o 0

4+) and consider the following conditions:

e Condition (C0): for some ¢y > 0 and all n > 1, we have np,, > ¢ logi n;
e Condition (C1): for some § > 0, we have pgys := E | X110 < oo;
e Condition (C2): there exists a constant ¢; > 0 such that forall 1 <j<n,1<k<m

we have |X;| < ¢ (npn)é_” almost surely.

Introduce the quantity vg = vo(ag) := agn ' log* n with some positive constant ag, and
define the region

D(ag) ={z=u+ww:(1—-—y—v)y <|u <1+ /y+ov,V>v>uvp}.
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Let

1 . 1 1
T =2Cologn(,, + mm{np\b(zﬂ’ mp})’
= Im b(2)
M= o)
and
1 logn 1
dn(2) = (d( ) nv|b(z)|> np|b(z)|
Put

Toi= I{b(2)] = T (dn<z> +di(2) (ml;)i + () <ml)>% )

1 1

'y 2 ! 3 1
I{[b(z)| < T, " I
b <ra () ik ( JF

In [7], assuming that the conditions (C0)—(C2) are satisfied, the following theorem was proved.

Theorem 2.1. Assume that Conditions (C0)—(C2) are satisfied. Then for any Q > 1 there ex-
ist positive constants C = C(Q,9, pgrs,c0,c1), K = K(Q,0, pgss,co,c1), and
ap = ao(Q, 0, pats, co, c1) such that for z € D(ao)

Pr{ Ay > Kﬁ} < Cn Q.

This paper is devoted to the case where the elements X, are not truncated, and only
Conditions (C0)—(C1) are fulfilled. Let

Dp={z=u+iv: 1—y+p<|u <1+ y—p V>v>uv},

for some p1 > 0. Note that |b(z)| are bounded in domain D,,, therefore

1 1
Iy, =Cy logn(nv + np)’ (2.2)

Without Assumption (C2) we get the following result.

Theorem 2.2. Assume that Conditions (C0)—(C1) are satisfied. Then for any p > 0 and
Q > 1 there exist constants K = K(Q, 0, tats, 1) and ag = ao(Q, 9, pats, i) depending on @,
0, phass, and p such that

Pr{|A,| < K[} >1—-n"9,
for all z € D, and I',, defined in (2.2).

Organization. The proof of the theorem is based on [8] and [7]. In Sec. 3, we follow [7]. In
our case, the domain D,, is separated from the ends of the spectrum. This makes it possible to
significantly simplify the estimates obtained there and thus to prove Theorem 2.2. In Sec. 4, we
show that the elements Rjj of the resolvent are bounded. For this, following [8], we introduce
the so-called admissible and inadmissible configurations. Assuming that the configuration is
admissible, we obtain conditional estimates for R;;. Further, taking into account the small
probability of inadmissible configurations, we obtain the estimate for the resolvent elements.
In Sec. 5, we state and prove some auxiliary results.
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Notation. We use C for large universal constants which may be different from line to line.
Sy(z) and s,(z) denote the Stieltjes transforms of the symmetrized Marchenko-Pastur distri-
bution and the spectral distribution function, respectively. R(z) denotes the resolvent matrix.
Let T = {1,...,n}, J € Tand TV = {1,...,m}, K ¢ TMW. Consider o-algebras 9tJ-K),
generated by the elements of X with the exception of the rows with number from J and the
columns with number from K. We will write for brevity SJTEJ’K) instead of MUIVHK) and

93?1(;{”) instead of MEKAD) By symbol XTK) we denote the matrix X whose rows with
numbers in J are deleted, and whose columns with numbers in K are deleted, too. In a similar
way, we will denote all objects defined via X such as the resolvent matrix RUX) the ESD
Stieltjes transform s("H K), A,({H’K), and so on. The symbol E; denotes the conditional expectation
with respect to the o-algebra 9;, and E;,, with respect to o-algebra M;,,. Let J¢ =T\ I,

K¢ =TM \ K.

3. PROOF OF THEOREM 2.2

For the diagonal elements of R, we can write

IK J.K) (J,K IK
R = 5,(2)(1 - RGO 4 yaPORE), (3.1)
for j € J¢, and
IK) 1 (JK) p(K) 1K) p@K)
Rl—i—n,l—i—n - _Z 4 yS (Z) (1 - El+n Rl—i—n,l—i—n + yAgL )Rl+n,l+n)’ (32)
for [ € K¢ Correction terms E(J ®) for j € J¢ and El( " ) for | € K¢ are defined as
I K IK J,K
€§» )=E§-1 )—i- +E§3 ),
LK) _ L p0) 1S pUuihe)
i1 = m Z Rl+n,l+n B m Z Rl+n,l+n )
=1 =1
J K) Ju{j},K
( = Z 153l - Rl(+n{l]in )’
ey S XX RES
P cizh<m
and
IK JK 7K
El(+n) l(—i-n)l +ot El(+n)3’
LUK (I KU{+n})
H—n l Z R] Z R
oK) _ 1 o RUKU{+nY)
5[—}-7’1,72 mp ;( jlgj ) J] 9
61(253 = Z lelEJJEsz (KOiHn)),
Py h<n

Summing Eq. (3.1) (J = @, and K = @), we obtain the self-consistent equation

sp(2) = Sy(2)(1 + T, — yAnsn(2))
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with the error term
1 n
Tn = n Z S jRjj.
7j=1
The proof of Theorem 2.2 is based on the following theorem.

Theorem 3.1. Under the conditions of Theorem 2.2, for any pu > 0 there exist constants
C = C(9, pats,co) and ag = ag(0, pats,co) such that

1 1\¢
q < q q
E|T,'I{Q} < C (nv + np> log?n,
for all z € D,,.

Proof. The proof repeats [7, Theorem 3], taking into account that 0 < ¢ < Imb(z) for some
e > 0 and Imb(z), |b(z)| are bounded in domain D,. The arguments of [7, Theorem 3] also
require that the condition Pr{B} < Cn~? be satisfied (see [7, p. 17]). But Lemma 4.1 implies
that Pr{B; Q} < Cn@. O
Proof of Theorem 2.2. First of all, we note that [7, Lemma 8] gives the bound
[An| < C|T5|
in domain D,. We have
Pr{[A,| > KT, } < Pr{|A,| > KT; Q} + Pr{Q}.
From [7, Corollary 3] it follows that
Pr{Q} >1—-Cn .
Applying the Markov inequality and combining the last inequality and Theorem 3.1, we obtain
E|T,|T{Q} 0 C'\4
Pr{‘An| > Krn} < qu% +Cn < <K> .
By choosing a sufficiently large K value and ¢ ~ logn, we obtained the proof. O

4. ESTIMATE OF Ry

We shall use the notation in [7].
Let sg > 1 be some positive constant depending on 9§, V. For any 0 < v < V', we define k,
as

ky = ko(V) :=min{l > 0: shv > V}.
For given ~ > 0, consider the event
Q,(v) == {|An(u+iv)| <, for all u}

and the event
k'u
Q= 0,(v) = [ (sho).
1=0

For the proof of the main result, it is enough to estimate the entries of the resolvent matrix.
We prove the next Lemma.

Lemma 4.1. Under the conditions of Theorem 2.2, there exists a constant H such that for
2€Dy,

Pr{ max R > H; Q} < Op—clognlogn,
1<j.k<n+m
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Following [8], we introduce the configuration matrix L = (L;j). Set events

Aj = {|Xje| > C(np) 2~}

Define the matrix L with elements

Lji = &pl{ A}

Note that
E L < N42+5
n2p
Introduce the configuration matrix Ly,
O L

Definition. We define j and k as linked (with respect to L) if Lj; = 1. Otherwise, we define
them as unlinked.

Definition. If there exists a sequence j = j1,ja, ..., jr = k such that j, is linked to j,41 for
each v € [1,r — 1], then j and k are called connected.

Definition. We define an index j as deviant if there exists some index k such that j and k
are linked. Otherwise we define j as typical.

Let
Dy ={je[l,n+m]:jbedeviant}, T ={j€[l,n+ m]:j be typical}.
Definition. We define Ly as deviant-inadmissible if there exist at least z deviant indices.

We define Ly as connected-inadmissible if there exist distinct indices j1, jo, ..., jr, 7 = [logn],
that are pairwise connected. We define the configuration Ly as inadmissible if it is either
deviant-inadmissible or connected-inadmissible. Otherwise, the configuration is called admis-
sible.

Define A as the set of all admissible configurations of size n +m. Let C = C; U Cy be the
event that the configuration Ly is inadmissible, C; be an event such that the configuration
Lv is deviant-inadmissible, and Cy be an event such that the configuration Ly is connected-
inadmissible.

Lemma 4.2. Under the conditions of Theorem 2.2, the bound
PI‘{C} < Cn—cloglogn
15 valid.

Proof. First we estimate Pr{C;}. The event C; implies that there are at least \/ p deviant

indices, which in turn gives that there is at least \/ Z pairs {j, k} such that j € [1,n], k € [1,m)]

mer< £ (7)(5)

=/
§O<\/€lp>j

() ()

and L;, = 1. Hence,

By Stirling’s formula, we have
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for \/ Z < j < n. This yields

c \Wr
Pr{Ci} < C .
HEHE <\/np>
The estimate Pr{Cs} almost repeats the proof of the bound for Pr{As} in Lemma 3.11
in [8]. The event Cy implies that there exists a sequence of indices S = {iy,142,...,4,} such

that at least r — 1 pair (i;,4) is linked. We have

mer= ()2 (5)

Applying Stirling’s formula, we obtain
PY{CQ} < n—Cloglogn. 0

Now we fix the admissible configuration Ly . Let R < Z denote the number of the deviant
indices. Consider the matrix Vi, = (VL.(j, k)) with entries
0 if 1<jk<norn+1<jk<n+m,
Erajr i 1<j<nn+1<k<n+m, and Lj; =0,
Eikbjp  if 1<j<nn+1<k<n+m, and Lj, =1,
Vi fn+l<j<n4+mandl <k<n.

VL(j7 k) =

Here ajj, (resp. bji) are independent random variables with the distributions
Pr{aj, € G} = Pr{X;; € G| A5}

and
Pr{bj, € G} = Pr{X;, € G|A;;,}.

The permutation of rows and columns gives the matrix

V:[ Vi Vlzl

Vip Vo
The Hermitian matrix Vi of size R X R consists of type b elements and has the form
B; 0... 0...
Vi = 0... By A ’
0... 0... Bj
where B, are Hermitian matrices of order r, < r, v = 1,...,L. The matrix Vi, of size
R x (m +n — R) consists of type a elements and has the form

Vip=[01 A4,

where O; is a matrix of size R x m with zero elements and the matrix A; is R x (n — R) with
elements distributed by type a. The Hermitian matrix Vs of size (n +m — R) X (n+m — R)
has the form o A

11 2
Here the square matrices O1; and Qs have zero elements and the orders m and n — R,
respectively, and the matrix Ay is m x (n — R) with elements distributed by type a. The
resolvent R(z) = (V — zI)~! can be represented as

Ri1 R
R = ,
[ R R22}
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where
Ry = (Vi1 — 21 — V3 (Vay — 2I) 7 1Vi,) L,
Rip = (V12(Vaz — 2I) 1Viy — Vg 4+ 21) 1Vi9(Vae — 2I) 7,
Ros = (Voo — 2I) 71 4 (Ve — 21) 71V,
x (Vi1 — 21 = Vi3(Vag — 2I)71V3) "'V 5 (Vg — 2I) 7L

We are primarily interested in estimating the spectral norm of the matrix Rq; because it
majorizes all elements of the matrix R11. Note that the dimension of the matrix Rq; is equal

to R x R, where R < \/ Z. Introduce a random matrix

Y = Vip(Vy — 2I) 71 VI,
Note that

) o)
R R
R = (Vo —21) " = [ @7 %f)] :
Rj; R,
Given the form of the matrices V19 and Vg9, we find
Y = A;RY) AL
In this notation,
R11 = (V11 o Y)_l.

In what follows, we assume that Ly is admissible. We prove that for the resolvent matrix

R all entries are bounded, determined by admissible Ly .

Lemma 4.3. Let Ly be admissible. Under the conditions of Theorem 2.2, there exists a
constant H such that for z € D,

P Rl > H: <C —cloglogn.
o, max R > H; QF < Cn

Note that 7, UDy, = [1,n+m], J C [1,n + m]. We introduce the events

and

Ca(v,k) = ) { max  |[RY (u+ )l gHg}.

j€DL,1<I<n+m
[JI<k
The following lemma holds.
Lemma 4.4. Under the conditions of Theorem 2.2, the inequalities
Pr {Cl (v,k —1);C1(sv, k) N Co(sv, k)N Q} >1— Cp clogloen (4.1)

and
Pr {Cg(v, k—1);Cy(sv, k) NCa(sv, k)N Q} > 1 — Cn~¢loglogn (4.2)

are valid.

Proof. For simplicity, we assume that k& = 1. We begin by proving inequality (4.1). Since
both indices are typical, the corresponding matrix elements in the rows (and columns) with
numbers j and k are of type a. Consider the diagonal elements. For j € Tr,N[1, n], the equality

Rjj = ySy(z) (1 + EjRjj + AnRjj)
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holds. For w € Q, we have

1
Ay < 5
Hence,
|Rj;|I{Q} < 2y/y(1 + |¢j]|R; )I{ Q}-
Let
€j =€j1t+€j2+¢€;3
with
e = zij(j) . zm:R
jl ml:1 I+n,l+n ml:1 l+n,l+n>
Eio = 1 f:(a2§. o )R(J)
32 “mp < 1St — P)Y o 14mo

L

Yy — E . _pU)

€53 ~m ajla]tgjlgthl_i_n’t_,_n'
Li=1

Dy < \/”
p

<
lej1] < o

Note that for admissible configurations

By [7, Lemma 1],

Next, note that

le ; RY, .. PHC (50, D}H{C (sv, ) }{Q} < His? + Hs?
and ;
i Z \Rl(i)n7l+n|qﬂ{cl(sv, 1)}M{Ca(sv, 1)} I{Q} < His?+ H{s.
We used here the slc:)-lcalled multiplicative inequality: for any s > 1,
|R;j(u+iv)| < s|Rj;(u+ isv)]|.
Given the above, we obtain

49 g4 2 agqg5 HY 499 [19 54 499 [19 44
E |ejol/1{C: (s, 1) J{Ca(sv, )}I{ @y < © 4257 2 stz HE | Ot st | ChgP s

(np)? (np)2 (np)=atl = (np)2ath’
Similarly,
E |ejal?| Rjj|“I{C1(sv, 1) }I{Ca (sv, 1) H{Q}
Ciq? 1 qu32qng2‘§ qu32q832q ng qu2q82qH22q C’quQSQququ
~ (nv)? A (nv)2 (np)*a+1 " (nv)2 (np)*a+1 (np)2ra+2 (np)?=at?

Here we used the fact that
|Rjk(u +iv)| < |Rjr(u+iv)| + (s — 1)v|[R(u + iv)R(u + sv)] x|
< |Rjk(u + isv)| + (s — 1)\/Iijj Im Ry, < sH;

for j,k € Ty, and
|Rji(u+iv)| < sHs
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in the case j € Dy, or k € Dy..
If (np)?*|b(z)| > Cq*sH;y and (np)* > CqsHy, then H; and Hy can be chosen, so that

E [Ry5191{Cs (50, 1)}{Ca(sv, 1)}{Q} < HY.
Now consider the case of deviant indices. Let j € Dy, and k be arbitrary. Consider the matrix
Y = Vi3 (Vay — 2I) V5, = AR AL

We estimate the matrix Y elementwise. We start with off-diagonal elements. Consider Y7s.
The equality

1 @)
Yo = E R
12 mp _ alla2t[ 29 ]lt

holds. Note that {ay;} and {ag:} are independent. We can apply Lemma 5.1 with A = R%).
By the assumption C; N Cy N Q, we obtain

nan(z r
a2 <y
v v
and
“~ H3 s> ngszn
ﬁ‘]g q q+ q
et pvz|b(z)]2 v2
Finally,

HI 2502 T
R0 < 72 n .
Z%\JH 22]]| - |b(Z)|q_2’U (fya (Z)+TLU)

Further, we have
e, ul) < plnp) =2
for g > 4+ 6, and

(@ (9 ats a
pe s o < pgis/(np)?

for ¢ < 4. Combining all the estimates, we obtain

Cig2 /1 2 1 a
Y (P 4 )

nd qg (np)g” (np)? (np)

cags
2
AQ < q 1 s
+1
n2"" (np)®*
Cig%
n2 (np)Q%q+2 :

As <
Finally, we obtain for np > C logni

Ciq2 (1 3
E Vil Mo e ey < 4, (ai)+ )
(no)’ (no)’
C’qHzgsngq C’qquq ngsg Ciq*1 His1 C1H] st
(nv)2 (np)H1b(2)|2  (nw)z(np)e=  (np)?*at2  |b(z)|9(np)?=at3”
Applying Chebyshev’s inequality with ¢ ~ logn, we conclude that
3
an(z) log2 n log?n —elogl
Pr<|Y12| >C'logn + + < Cn~cosioen, (4.3)
{ ( VU nu(np)[b(z)|2 (np)Q”lb(z)l)}
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Now consider the diagonal elements,

J
Yi1 = Z aualt[RéQ)]lt.
1t
Represent Y71 as
Yi1 = Zall R22 u+ Zallalt Rgg)]lt = Y + V1.
14t
Applying the inequality for quadratic forms, we obtain

E V11 111 (s, 1) H{Ca (50, 1)}{Q} < (g qaﬁz|an|2>qE||R<J>||qﬂ{cz<sv, DH{Q}
+q2M )(E |a11 ?) ZE Z|R22 ul®
+ @ (u0)2 3 R mq)ﬂ{cl(sv, DH{Ca(s0, 1)}I{Q}.

1t

From here it is easy to obtain

E |Y11|7T{Cy (sv, 1) YI{Ca(sv, 1)} I{Q}

q,.2 3 3a g Ca 2q o
SCQ(Q 7°2anq(2')+ , q? .+ 9 _33 + o +2>,
(nv)z  (nw)z(np)=at2|b(z)|2  (np)>4T3[b(2)|7 " (np)>>a
This yields
1
~ 2 2 5
Pr{|Y11| > C(log nloglog nas (z) log2 n
Vv vno(np)*\/|b(2)
log3n

. —loglogn
" (np)Q”lb(z)|)’Cl(5”= 1) NCa(sv,1) N Q} < Cn _

Now consider Y71. We have

(1 J J
Y= n ZRI(Z) + Z(a%l - Ea%l)Rl(l)
I ]

1-— r
=yS,(z) = T ryha(x)+ |+ D (@ —Ead)R].
l

By Rosenthal’s inequality,
q
E| > (a} — Ead) R | Hei(sv, DITC (sv, 1)}1{ O}
1

o q2 9 g2 sd slq4 )
< .t + ,
<(np)2 (np)a|b(z)|9 ~ (np)?#a+2|b(z)|e
The bounds obtained give
-\~ >
Pr{‘Yll < ; +ySy(z)>‘ > C(’yan(z) +

. logg ?‘1‘ logg n 102g%2 n
(np)2  (Mp)[b(2)] ~ (np)?*[b(2)]

r
nv

)iCincan @} < O losken,
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Summing up the estimates for )711 and )711, we conclude that

Pr {‘Yn— (ySy(Z)— ! ; y) ‘ >G1+ G2 NG N Q} <Cnclogn

where
G1 = van(2),
G C’( r logg n logg n log?n
2 pr—
o (np):  (mp)Ib(z)]  (np)2#|b(2)]
1
log? nloglog naz () logg n n log®n )
Vv Vnu(np)#/|b(z)| - (np)*[b(2)] /)
It is easy to show that if
3 1 1
b(z 2010gn2n< + >,
e v (up)*

then )
Pr {‘Yn — (ySy(z) - y)‘ <Alb(2)[;C1 NCaN Q} < Op~clogn
with an arbitrarily small constant . From this and inequality (4.3) it follows that
1—
Pr {HY - (ySy(z) - y)I‘ > y[b(2)];C1 N Ca N Q} >1 - Oncloen,

Since the matrix V13 is Hermitian (the eigenvalues are real), and

1-— V2
m (2= +ySy() 2 ) )],
we find

Pr{| (Vi - (= - : Vusu(@) - Y)_IH < ‘bg)‘ [CNCN Q) =1 Cpcloslosn,

This, in particular, implies
Pr {\Rjk\ < Hs;Ci(sv,1) NCa(sv,1) N Q} >1— Cnclogloen
for j € D. The last statement completes the proof of Lemma 4.4. O
Proof of Lemma 4.3. Let k = |J|. Lemma 4.4 and the inequality
ma R (V)| < V™!

imply

Pr {Cl(v, k—1); Q} >1— Cpcloglogn

Pr {CQ(U, k—1): Q} > 1 — Cp—cloglogn.
for V//sp < v < V. We may repeat this procedure L(vg, s¢) times and obtain

P R; > H: < Op—cloglogn
r{léﬁlgﬁrm' ik (V)] ; Q< Cn

for v > V/sk = vo. O
Proof of Lemma 4.1. We recall that Lemma 4.2 gives
Pr{Ly ¢ A} < Cn—closlosn,
This implies Lemma 4.1. O
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5. APPENDIX

Let &1,...,&, and nq,...,7n, be mutually independent random variables, A = (aij)Zj:r

Define
n
= lai .
i=1
Note that

1Al = ZEQ

Lemma 5.1. For any q > 2, the inequality

n

B ai&m? < CUAAI+ AO LD + As( ) lai|9))
ij=1 =1 ij=1
holds, where
3

Ay =q2 (07" +029),
Az = g% (o0 4 o20)alets () 0
As = ¢* M(Q)u( 2
Proof. Let
A= Z a;;&inj = Z&(Zaijﬁj)-
ij=1 i=1  j=1
Applying Rosenthal’s inequality, we obtain

q n n q
weiem (3 (S ma) o o[ Seun)
i=1  j= i=1  j=1
=: C’qqgagAl + Clq ,ugI)A )
Using the triangle inequality, we obtain

A <2:E (iiawy) +2:K (me(ZazlaU)) —=:22(Ay; + Ap).

=1 j=1 i#]

Allgzé«zz m) aq+E(Z( )(Za%))

=1 j=1 =1
Applying Rosenthal’s inequality again, we conclude that

E (Zn:(nj- - a,%)(zn:a?j))g < Ciqi (Zn: (Zn:a?j)Q)Z(u%‘”)Z + g2 pff) i (Za?j)g'

]:l =1 ]:l =1 ]=1 =1

Further,

To estimate A2, we use the inequality for quadratic forms from [9]. We have

A < quggg(z (z":ailalj)z)g + qugf m(yg)m% Zn: (i (Zn:ailalj)z)g

i#j =1 1 =1
(5 ()
i£j =1
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Summing up the above inequalities, we find

A1<anq(zz ZJ) + CY( (4))Zq3(zn:<2a?j)2)ﬁ

i=1 j=1 j=1 =1

For As, by Rosenthal’s inequality, we have

As < C“J"crgqg Z Ll + quq,uq(?q) Z laij|?. (5.1)
i=1 i=1

Further note that

(g—4)

i< <i“ﬂ%)) (Zﬁq)”q 7 (14]7) 2=,

2 (g—4)

< (Zﬂ) 2 ()14)7) 2.

i j=1
For A, we obtain the estimate
A<CYB;+---+ Bg),
where

q
B = gdolot| Al

n

By = ag(u,g4>)gqs; (Zﬁ'}-) 2e2) (HAH‘?)zfq?‘%,
=1
" ’ q—4 5
B ooy (S1) (119
j=1
By = q4 05/“7 Ué <Z£tjj>2q 2) (HAH ) o 2)

n

Bs = a¥ o1 (Zcz) B (),

681



n
By = quZM%’”Zﬁ?v
3q
Br=gq: ‘777'“5 Zﬁ

s = 2" @ Zlaglq

3,j=1

Applying Young’s inequality, we obtain the bounds

3q q—2 "
By < Cq (af(u))'s Y- L1+ o Al"),
j=1
By < 0% (of0g > L1+ Clqfolol| A]7).
j=1
; gy 2(q—2) q—6
By < C1g 4 (027 +o2)| A1+ () 0+ (o o) S £1)),

. q(q—6) qy 2(q—2) n
By < 0% (G2 4 0, (i)Y ).
The last inequalities give

Ang%MW+A4f¥@+A%§3WWD’

=1 ij=1
where
A1 =q? (62 + 029),
Az = g ¥ (000 + a2 e (o)
As = ' pl).
Thus, lemma is proved. U
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