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1. Circulant Block Matrices with Dependence

The study of the spectrum of circulant matrices is inspired by their diverse applications
in time series analysis [1], graph theory [2—4], wireless communication [5-7], etc. The asymp-
totic behavior of the spectrum of circulant matrices has been studied in numerous works,
such as [8-13]. In 2007, Oraby [8] (Theorem 1) investigated the limiting distribution for the
empirical spectral distribution function of a circulant matrix and established the limit distri-
bution for symmetric block circulant matrices with Wigner blocks (see [8] (Proposition 1)).
In [9], the limiting spectral distribution of block symmetric circulant matrices with rectan-
gular blocks was considered.

This paper investigates the spectral properties of block circulant matrices of three
classes. First, we analyze block circulant matrices with large, symmetric (or Hermitian)
blocks. We consider two cases: when the block entries exhibit dependencies and when they
are independent and sparse. In the third class, we examine the distribution of singular
values for the product of independent circulant matrices with non-Hermitian blocks. The
proofs rely on the method of Stieltjes transform.

Let
(a1 ay a3 ap_1  ag ]|
a a1 ap Ak—2 A1
k-1 A M k-3 k-2
C(ﬂl, ,ak) = . .
az ag das - a1 ap
L a2 4z da4 -+ 4 a |

For symmetric n x n matrices X(l),X(z), .. ,X(k), consider circulant block matrix
W = C(ﬁx(l), ﬁx@),. .., ﬁx(k)). We assume that Xj = Xg—jt2 forj =2,...,k Un-
der this assumption, the matrix W is symmetric and its eigenvalues are real. Let

I+1,ifk=2],
I ifk=21—-1.
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Note that since the matrix W is symmetric, the matrices x(1 ) X ( ) determine all matrices
X+ X®) with the equality X+l = x(k=h=1+2) for l = 1,...,k — h. Denote the
eigenvalues of the matrix W in the following increasing order: Al <Ay <o < Ay We
define the empirical spectral distribution function of the matrix W as

1kn

= 2]1{)\ <x},

where 1{-} denotes the indicator function.
We shall assume that the matrices X(*) satisfy the following conditions for v =1,...,h.

LetE Xi(;/) =0and I[*](Xi(jv))2 = ‘71'2]" Let BJZ =1lyn, (7]21 We assume that the matrices X(V)
forv =1,...,hare independent. Furthermore, forany 1 <i <j<mnandanyv=1,...,k
introduce o-algebras

FY =o(X), for1 <1<k <n, (k1) # (i)

We shall assume that the following conditions are satisfied:
e Condition C(1): forany1 <i<j<mandanyv=1,...,k

E(x|FY) =

e  Condition C(2): foranyv =1,...,k,

hm—ZZ]EHE )| ) 0’5‘:0;

n—co 11 i

e Condition C(3): forany T > O and forany v =1,...,k,
n

. v . 1 v v
lim 13 (0) = lim — Y0 E|X[PL{IX| > v/} = 0;

e Condition C(4):

1 n
;Z|B]2—1|—>Oasn—>oo,
]‘7

and there exists a constant C such that max B2 <C.
1< ]<n

We denote the density of the semicircle law with the parameter 2 by 7,2 (x), as follows:

V40?2 — x21{|x| < 20}.

Vo2 (X 27'(02

Consider the distribution function G(*)(x) with the density

T2 —1(x), if kis odd,

’)/T 2 (x), if kis even.

T re (x) +

2yi2 (¥) +

That is, it is a mixture of semicircle laws with parameters depending on the parity of k.

For example, in the case of an odd k, we have a mixture of two semicircle laws ;1 (x)
F

i —2,/k=1. k-1 _0,/2%-1. 2k—1 i -
and g (x) with supports [-24/ 572,24/ 5] and [-24/ #=;2,/ #—], respectively. Ob
viously, it is at the endpoints of these supports that the character of the function G (x)
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changes. Figure 1 shows the graphs of G (x) for k = 3,4,7,8. The dots on the distribution
function curves mark the endpoints of the supports of the original distributions.

Distribution function G*)(x)
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Figure 1. Distribution function G (x) for k = 3,7 (left plot) and k = 4, 8 (right plot).
We prove the following theorem.

Theorem 1. Under conditions C(1)—

C(4), the empirical distribution function F,(x) converges in
probability to the distribution function G

t

) (x).
The proof of Theorem 1. We start from the well-known fact that the spectrum of the matrix
W is the union of the spectra of matrices BW), v =1,...k, where

),
(k)

k
e J% XM 4237, cos (Z=DE=DyX () 4 cos (v — 1)) X(5D)], if k is even,
= k+1
7= X 2y, 7, cos (ZDE1 ) x(] if k is odd.

Using the orthogonal transformation, we can reduce the matrix W to the block-diagonal
form with the blocks B(), v = 1, ..., k, herewith the equality B() = Bk—v+2) wherev > 2,
holds. Let

1 £ 27t(r—1 k I
) _ \/% [X( ) 4 227212 cos (%) ") 1 cos (v —1))XE D] if k is even,
\/% [X( +2Y,2%,cos (%) ](lr)], if k is odd.

- < )L,(qv) and
1 n (
Itis easy to see that

k
Rt = LA

We consider the case of even an k because the another case is similar. Note that

k
1 27'( r—1
EM](IV)F:E(‘T]Z) 1+4Z‘écos ( k><

1)) +cos? (v —1)m)].
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Forv=1orv =k/2+1,wehave

E )2 _ (2k_2)0]%
R =
Using
N in (2N +1
Y cos?(lx) = 1(N+ 3 + w),
= 2 2 sin x
weget, forv#landv #k/2+1,
]E|€(V)|2 _ O'J‘ZI(kiz)
N
In fact,
; 2 1 1
1+4) cos® ( mlr = k)(v— )) +cos? (v —1)7)
r=2
=l (1) -1
=-2+4Y cos®( r(r=Dlv = ))
r=0 k
sin{ Zk-10-1)
k+2 sin{izﬂ(;:l)} . k—2
k -k

To prove Theorem 1, we only need to prove that the spectral distribution of each matrix
B, v =1,...,k converges to a semicircle law with the corresponding parameter. To this
end, we apply Theorem 1 from paper [14]. We need to check the conditions (1)-(5) from

ref. [14] for random variables C](ZV ) and any fixedv =1,...,k. Forany fixedv =1,...,k and
any 1 <j,I < n, we introduce c-algebras

G}l”) =0{lpg:1<pg<n:(pq) # (D}

It is straightforward to check that, foranyv =1,...,h

g].(”) = (T{]-'j(l”),y =1,...,h}.

Since .7-"](;4 ) are mutually independent for u = 1, ..., h, we get the following using condi-
tion C(1):
E{g516"} =o.

Thus, condition (1) from [14] is fulfilled. Now, consider the quantity

1 1 v v 4
Q== Y EIE{C})6)"} — @)

=1
Assume, for instance, 1 < v < % + 1. Note that for j # p,l # g,

(X" X1 |G} = X1 E{Xp|Gp)} = 0.
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Using this and the independence of X (1) and X%Z), U1 # Mo, we get, for an even k,

B FI6Y)} = & [B(X ! }+4Zc 2 A0y g x)2i6y)
+cos? (2(v — 1)) E{(Xjfﬂ))) \Qﬂv H.
Applying condition C(2), we get

lim 2 [E{|2} 12195} —E(Z))? =o.

Thus, condition (2) from [14] is proved. Furthermore, we check condition (3) from ref. [14].
We need to prove that the Lindeberg fraction for the matrix B(*) tends to zero as 1 tends
to oo:
tim 7 (1) = lim + Z E|¢W21{|gy] > T} = 0. 1)
n—00 neo M =1 jl ]

We prove the following auxiliary lemma:

Lemma 1. For any random variables Y;, j = 1,...,kand any b > 0, the following inequality holds:

k k k
21/].211{2 Yj| > b} < kZ%Yf]l{\m > b/k}.
= =

=1

Proof. Combining inequality Z}‘Zl la;] < kmax;<j<y |a;| with inequality ]l{Z;le 1Y;| >
b} < 1{max;<j< |Y;| > b/k}, we may write

k k
2 ‘ < 2 ‘
L L 6> o) < ke 7 e 1> 0/8)
There exists jy, such that 1 < j, < k and
max Y2 Y?, and max \Y\ 1Y, |-
1<]<k Jo
Applying this equality, we get
S : 2
;yj 11{ 21 Y| > b} < KY21{|Y;,| > b/k}.
]= =

Applying inequality max;<j<x |a;[1{|a;| > ¢} < Z;'(:1 |aj|1{|a;| > c}, we get

):m{ ):|Y| > b} <k):y2]1{|y| > b/k}.

Thus, Lemma 1 is proved. O

Now, we continue with the proof of relation (1). It is straightforward to check that

X

0TE

¥ < 231X, and g <
Y e i jt

2
n

r=1
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This implies that

k
£41

£
2 2Yaf 5 k)
E\g](;/>|211{|§ﬂ| >tps B ( r; |X]§l’ \2)]1{ r; |X](l’ | > T\/la}.
Now, by applying Lemma 1, we get
v ks iyl '
ElC) Pa{lgpl > TV} < - Y EIX PA{IX])| > TVa/k).
k=1

Hence,

k
Ly (1) <k Y- LY (x/Vk).
r=1

This inequality and condition C(3) proved condition (3) from ref. [14].
~ 2
Let (B](V) 2=y E g](l“ ). We need to prove that

o1
lim —
n—oo N1

Y 1B —dy| =0, @)
j=1

where
i B2 ifv=1ork/2+41,
v 2"T’z,o’cherwise.

It is straightforward to see that

—~
esh!
=
~—
N
|
[

n
v 2 _ 2
- Z‘le dyB7.

Relation (2) and condition (5) from [14] now follow from condition C(4). Thus, conditions

(1)—(5) from ref. [14] are fulfilled, and the result of Theorem 1 now follows from ref. [14]
(Theorem 1.1). O

2. Circulant Block Matrices with Sparsity

In this section, we consider circulant block matrices with independent blocks X),

v =1,...,h. We shall assume as well that the entries of matrices XW) are independent

and sparse with independent Bernoulli random variables (;‘](ZV ), E @J(IV ) = p](lv ). We construct

the blocks

WO = (W)= X o8, Wi = xgl),

“u_n

where “o” denotes the Hadamard product of matrices and & = (¢ (V));ll:l' Recall that

]
(v) ér(V)

il jl=1,...,n,v=1,...,h are jointly independent. For
(v)

simplicity, we shall assume that IE(X](ZV ) )2 = ((7].(:))2 = (7]-21 and p i

all random variables X i
=pjforanyv=1,...,h.
We introduce the normalizing factor

and, for the blocks,

we define the block matrix
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where Wtv) = Wk—=h=v+2) " Bor ingstance, WD) = w=1) = wk = w2 we

introduce some conditions on the probabilities p;; and on the distributions of X](ZV )

v=1,...,hand I =1,...,n. Recall that

for

pii = {;’l,anda =E( ](ZV))

We shall assume that the following conditions are satisfied:
e Condition D(1):
4y — 00 asn — oo;

e Condition D(2):

n n
22“711 n\—>0asn—>ooforanyv:1,...,k;

e Condition D(4):
i, e, P/ on = O

and there exists a constant Cy such that for any n > 1

max 2 /a, < Co.
122 PijCij/ an 0

We prove the following theorem.
Theorem 2. Let conditions D(1)-D(4) be fulfilled. Then,

lim F,(x) = G¥)(x),

n—oo

where G (x) was defined in Theorem 1.

The proof of Theorem 2. We recall that the matrix W can be reduced by a unitary (orthog-
onal) transformation to the block-diagonal form with the blocks B(V), v=1,...,k, such
that BW) = B&—v+2) and, forv =2,...,k,

k+1
W _ L ) 2 2(r = D)(v —1)\ o)
B \/%[W +27:22COS< 7 ywi],
if kis odd, and
5
B = (WY 2} cos A=W D) W) 1 cos (v - 1ym)wE)],
r=2

if k is even. To prove the theorem, it is enough to prove that the spectral distribution
functions of the matrices B(*) converges to the semicircle law with the corresponding
parameter. Introduce the resolvent matrix of matrix B(*),

RV (z) = (WY —z1)~!
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Denote the Stieltjes transform of the spectral distribution of the matrix W(*) by s

We have

Applying Schur’s complement formula, we get

1

) () —
ji 1 p) () ) p(vj)’
=By —z— Y Y By By Ry

(2).

©)

where B("/) denotes the matrix obtained from B(*) by deleting the j-th row and column, and

R = RO (z) = (BWA) —21)~1
Introduce the following notations:

w_ 1 Lw
= Jm i
v 1 L v v L]
8;2) — ; Z ((B](l))z_E(B](l))Z)Rl(lV])’
n]=1,1#]

w_ 1 V) (V) (V)
BT Z. o BB Ry
1<Lg<n 1l #j,97],p#q

It is straightforward to check that, forj,/ =1,...,nand v =1, ..., h, when k is odd,

h
2n(r—1)(v—1) -
IE(B](ZV))2 = ].le]-l (2—|—2 chos2 ( k )) = ].le]-ldvanl
r=
Let .
Ayj(2) Z ﬂF’ﬂRlz
I=11#j

Now, we can rewrite equality (3) in the form

1
7] y— Al]’(z) + Eg) 4 855) + S%) .

Now, we approximate Ayj(z) using condition D(2). Introduce

e =By an\ p(v))
pPjr — R ’
€4 11#}( jiry ) 1
L) d( 2” R<w_12R<v)
]5 - =y n 1
=LI#]

Using sV (z) =Liyr, R(V) and

we may write

(4)
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) _
j1

1

ky/an

U 2m(v—1)(r — 1)\ w(v
(X](],l)gj]-—i-Zr:Z‘écos( o= 1(r ))X()

Summing the last equality inj = 1,...,n, we get

1
31(1V) (Z) = - ) + TT(IV) (Z),
z+dysy ’ (2)
where
W)y _ 1 Ly ) pw)
Tn (Z) - - R (Z)
2+ dysV) nim ! 7

To prove the convergence

lim s,(qv) (z) = s¥)(2) in probability,

n—oo

it is enough to prove that
lim E|T,(z)| = 0.

n—o0

Here, s (z) denotes the Stieltjes transform of the semicircle law with the parameter 4 v),
The inequality |R§;) (z)| < L forz = u+ iv implies that

v 11¢E @
]:

The last inequality implies that it is enough to prove

S|

n
ZE]£§V)| — 0asn — oo.
j=1

We start with 5?1/).

Lemma 2. Under the conditions of Theorem 1, we have

1 n
—ZE\E?{M — 0asn — oo.
n =

Proof. Since the cases of an odd and of even k are similar, we only consider an odd k. By
the definition of ¢;; and B(), for odd k we have

&0 4 cos (2n(v — 1))X(h+l)§(.h+1)).

k i e Ji j

Applying Cauchy’s inequality, we get
1

2

1 & 1 &
n Z]E |5§I1/)| < (n ZE|€§11/)|2> .
=1 j=1
Furthermore,

h
()2 L o 2 (2m(v—1)(r—1) 2 9
E\sjl |~ < Eajjp]] (2+4§cos ( p )) < ap]]U]j.

Summing up this inequality by indices j = 1,...,n, we get

1
1 M W) 2 M ) 2
" ZE\% | < Tan]; Pji%ij | -

j=1
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Continuing with this inequality, we get

1
N
1 2maxi<j<y Pjici; 2
P Z |8 11> :
n = ]

an

The last inequality and condition D(4) imply the result. Thus, Lemma 2 is proved. [
Lemma 3. Under the conditions of Theorem 2, we have

1 n
-Y E| )|—>0asn—>oo.
n=

Proof. We start with the definition of 8](-;). Thus, we have
1y (B2 ~E(B)?)R{
; Z E(B; ) )Ry
Note that according to (4),

v v i 2e(r—1)(v -1
B8] = B8 =iy (22 Yyeos? (FEEH)) <t @

(v)

We may rewrite ¢ jo as follows:

g) — f ) +f(V) _|_f(V),

Y cos? (2”(1/ - i)(” -1 ) (X](lr))zgj(lr) _ plejZI)f

:
f](;):%li i o8 (27‘[(1/—1)(1*—1))Cos(27t(1/—1)(q—1))xmg

k juo=gt ol

]

To estimate f](lv ), we represent it in the following form:

=7+ 7

where
At = fay L7 el > v,
ni=1
f],p_%aiz((xj(,)) &y = P LIX| < Tvan).

)

—
Il

—
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For f](; ), we have the estimation
1 2 —w) 1 n o n 1 1
SYEIF < —— Y Y EIX) - puod)IL{1X) ] > Ty}
j=1 ni=11=1
1 L n ) )
< LYy pEED) XY > o)
ey |
1 Sy ZE]I X(l)
+ X ZZP-zsz {l jl | > Tv/an}
mkn ;2315
1 1 L
gELn(r)jLnka ZZp E1{|X, | > Tv/an}. 7)
ni=10=1

Note that
(7 <T11n—|-E|X |2]l{|X | > 7v/a,}.

Using this inequality, we get

Zzp]zEX“ Pu{|xP| > 1y/a}

j=11=1

ZZP E]l{\X V> v} <

j=11=1

nkan kﬂn

= %Ln(T)' (8)

Here, we use inequalities p;; < 1, a,T2 E]l{\X;ll) > T/a,} < E(X](ll))z]lﬂX;ll) > T/an},
and 1{|Xj| > 7/a,} < 1. Combining inequalities (7) and (8), we obtain

1& =), 3
n E]E |fj1 | < ELn(T)'
j=1
Similarly, get the bound
R Sr()
~ Y Elf’| <3Lu(v).
n =
Furthermore,

1 2 1
< (L)

Using the independence of summands on the right hand side in reference with f](;) and
that | cos ¢p| < 1, we get

E|f]3 2 Zp]l

Applying this inequality, we get

1 ¢ £
n LU

ZZ‘%?

The inequality
0% < 70, + E XY PL{XY P > T/} )

implies that

n ’L’2 n
YEIfSP<
=0 nan =

M:

S|~

na2 2 Z 1P11E| |2]1{|X](lv)|2 > T\/an}.

11 nj=11=1
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For the first term in the r.h.s. of this inequality, we have
2 non 2 n
T 2.2 T 2 2
S BDIL T e b o P
nj=11=1 nj=11=1
Using inequality (9) again, we get
I v v 2 2 2
iz 1 Lo E X P> v < (0 2“2 PrEIXY LX) > T/}
j=11=1 j

Using the definition of L, (7), we have

H M:

1 n
na? o 2 AP EIXY PL{X) 2 > T/} < ColLa(7).
Vl 1=1

The claim follows from condition D(3). O

Lemma 4. Under the conditions of Theorem 2, we have

n
1 ZE\S(;)| — 0asn — oo.
n ]
j=1
Proof. Applying Cauchy’s inequality, we get

1
1w L)
nZE|€jg|§<an|5ﬁV‘| .
j=1 j=1

(v)

Furthermore, the independence of random variables B i B](;), and Rl(;’j ) for 1 # g im-

plies that

Elefy) ZZE V2EBY)E R 2,

Applying equality (6), we obtain

2

SR ()2
Z% Zl‘sz‘quPﬂijE|qu' |°.
— q:

E|£

Vl

—

O

Lemma 5. Under the conditions of Theorem 2, we have

1 n
=Y Eleja| = 0asn — co.
ni3

]7

Proof. Using the definition of j; and the inequality |R;;| < v~1, we have

n n
Z Z ’]lpﬂ

=1 I=1,1#]

1 n
j=1

Condition D(2) completes the proof. [
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Lemma 6. Under the conditions of Theorem 2, we have

™=

1
— E\£<;)|—>Oa5n—>oo.
n= "/

j

v)

Proof. Using the definition of £§5 , we have

iéE(V)|<d( Z'* y RV ig

I=T]#]

).

It is well known (see, for instance, ref. [15]) (Lemma 5.2) that

L R LR

‘ 1
1=1,1#]

1 <L
n — no

This inequality implies the result of Lemma 6. Thus, the lemma is proved. O

Combining the results of Lemmas 2-6, we get

n
Z §V|—>Oasn—>oo

Thus, Theorem 2 is proved. O

3. Product of Circulant Matrices

In this section, we consider the circulant matrices without symmetry. Let

M I O s LS
1 ag a4z - A2 Ag-1
Clay,...,a) = —=| @1 @ ay - a3 ag_o|.
vk
az as a4 - ax ai

Consider the array of random n x n matrices {X"* = (X](lv'y)),v =1,....ku=1,...,m}.
We shall assume that all random variables are independent in aggregate. With regard to
(vp)

random variables X , we shall assume that the following conditions are satisfied:

J CondltlonE(l).ForanynZ1andj,l:1...,n,1/:1,...,k,y:1,...,m
EXy" =0, E[X["P2=1;
e Condition E(2): Foranyv=1,...,k,u=1,...,

m and for any T > 0, we have

1
L‘i

H M:

n
Z XY RI{XE| > T/} = 0as i — .

Let us introduce the matrices

1
Y = —c(xtm), x@m, . xtkm)y,
\/H 7 7 7

We shall investigate the distribution of singular values of the matrix

= ﬁ vy

u=1
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Denote the singular values of the matrix W by s7 > sJ > ... > s? and the spectral
distribution function of the matrix WW* by G,(lm) (x), as follows:

kn
G (x) = Y 1{s? < x}.
j=1

We prove the following result.
Theorem 3. Under conditions E(1)-E(2), we have

: (m) .y — ~(m)
lim G, (x) =G"(x),
where G\ (x) is the distribution function described via its Stieltjes transform s\ (z) that satisfies
the equation

1425 (2) + (—=1)"* 1 (s (2))" = 0.

Proof. First of all, we note that the matrices Y () can be transformed into a block diagonal
form by applying the block matrix U defined as

AL, W, WL, W) T,
B w1ly, wzln anln e wrqIy
U - 7
k—1 -1 -1 k—1
wy Iy wz 1, w3 I, --- Wk,lln

i2mj
where w; = et and I,, denotes the unit matrix of order n. Consequently, W becomes a
block-circulant matrix that can also be reduced to a block-diagonal form with U:

diag{B",B®?,..., BV} = Uwu*,

where diag{B(l), B2, ..., B(k)} denotes a diagonal-block matrix with blocks BW) of order
n x n. These blocks are the product of matrices B(/*):

B — ﬁ Bl
n=1

with

k
vy) L W' lxry
- e L

Introduce matrix
V = diag{BBM", B@BA",  BHBK

The spectrum of matrix V coincides with the spectrum of WW*. Furthermore, it is the
union of the spectra of matrices BWBW forv = 1,...,k.

2
Let sl(v) denote the eigenvalues of BWBW forl = 1,...,n,v=1,...,k. We define
the empirical spectral distribution function G, (x) as

_lyg?
G (x = ; {51 <x}
It is simple to see that
m 1
G (x) = £ ) Gu(x): (10)
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We define s,(j") (z) and sﬁ,v) (z) as the Stieltjes transforms of the distribution functions G,({”) (x)

and G (x), respectively. Using equality (10), we have
(m) 1{& w
(=1 Y ), an
v=1

Consider the entries of B(#) = (B](l‘"”)) ]ﬂ j_q forp=1,...,m. Itis straightforward to
check that
E |B(VIH) |2 — 1
Jl n

Since for each fixed value of v, the random matrices B("1), BW2) . BWM) are jointly
independent and the entries of each individual matrix are also independent, we may
apply (Theorem 1.1) [16] the case of square matrices, wherey; =1y = ... =y = 1. We
](lv,u)
u =1,...m. To verify this condition, we can apply Lemma 1 in a similar manner to the
symmetric case. Note that

need to check the Lindeberg condition for random variables B ,forj,l=1,...,nand

k k
B8 P18 > T < L EIX P (X0 > v

k
< kY EIXUMPL{XUM] > t/n/k}.
r=1

The last inequality and condition E(1) together imply that

1 ¢ v, v, L1 ¢ , ,
=3 E|By" P1{|By"| > rv/n} < ) = Y EIXURPL{X0M] > v/n/k)
=1 =11 ji=1

k
=) M (T/k) = 0as — oo
r=1
From (Theorem 1) [16], it follows that

s,(f) (z) = s (z), foranyz € C,.

Equality (11) now implies the result of the theorem. Thus, Theorem 3 is proved. O
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